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Performability Studies of Automated
Manufacturing Systems with Multiple Part Types

N. Viswanadham, Fellow, IEEE, Krishna R. Pattipati, Fellow, IEEE, and V. Gopalakrishna

Abstract—In this paper, we consider the transient performance
analysis of failure-prone manufacturing systems producing multi-
ple part types. We decompose the exact monolithic model into (a)
a slower time scale structure state process modeling the failure
and repair and (b) a faster time scale performance model describ-
ing the part processing and the material movement. We combine
the solution of these two models to show that the accumulated
reward over a given time interval is a solution of a set of forward
or adjoint multidimensional linear hyperbolic partial differential
equations. This result generalizes the existing results on composite
performance-dependability analysis of manufacturing systems.
We also present efficient numerical methods for computing the
distribution of the cumulative operational time, and the mean
and variance of the cumulative production over a given time
interval. Further, we bring out the significance of these results
in the manufacturing systems context through several examples.

I. INTRODUCTION
A. Manufacturing Systems

ODERN MANUFACTURING systems are intercon-
nections of subsystems such as numerically controlled
machines, assembly stations, automated guided vehicles
(AGV’s), robots, conveyors and computer control systems.
These components are typically prone to failures. Usually,
manual or automatic repair facilities are available to restore
failed subsystems to the normal level of operation. Sometimes,
reconfiguration of system resources and layout may be done,
in order to cope with failures of subsystems. Failures, together
with repairs and reconfigurations, constitute three basic events
that we need to model for computing the performance of
manufacturing systems in the presence of failures and repairs.
Production rate (the number of parts produced per unit
time) and manufacturing lead time (the amount of time the
workpiece resides on the factory floor) are two important
performance measures in a manufacturing system. Most of the
literature on performance analysis of manufacturing systems
deals with computation of average performance measures
of failure-free systems. However, there is recent awareness
regarding the pitfalls that arise in just dealing with the mean
production rates and neglecting the variance of production [9]
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and also the need to take into account failure-repair behavior
of the system [24], [25]. In this paper, we conduct composite
performance-dependability analysis of manufacturing systems
producing multiple part types to determine the distribution and
moments of performance measures such as the accumulated
production over a time interval using Markov reward models.

In this paper, we consider the transient performance analysis
of failure-prone manufacturing systems producing multiple
part types. We decompose the exact monolithic model into: (a)
a slower time scale structure state process modeling the failure
and repair events, and (b) a faster time scale performance
model describing the part processing and the material move-
ment events. We combine the solution of these two models to
show that the accumulated reward over a given time interval
is a solution of a set of forward or adjoint multidimensional
linear hyperbolic partial differential equations. We also derive
the differential equations satisfied by the mnth moment of
each of the part types. These results generalize the existing
results on composite performance-dependability analysis of
manufacturing systems. We illustrate all the results through
examples.

The main contributions of this paper are the following:

» Composite performance-reliability analysis for systems
producing multiple part types.

 Derivation of multidimensional hyperbolic partial dif-
ferential equations for the distribution of accumulated
production over [0, t].

» Efficient numerical method for solving the first and sec-
ond moments of the distribution of accumulated produc-
tion over [0, ¢] for each part type.

» Several analytical and numerical examples of manufac-
turing systems producing multiple part types.

B. Earlier Work

There are several papers in the literature dealing with
performance analysis of automated manufacturing systems.
Markov chains constitute the most fundamental analytical tool
[23], with queuing networks [4] and stochastic Petri nets
[22] serving as higher level models. Discrete event simulation
is another popular tool. Literature dealing with combined
performance-reliability (performability) analysis is relatively
sparse. Also, most authors focus on determining the mean
values. There is a recent awareness in manufacturing literature
regarding the pitfalls that arise in just dealing with first
moments of the distribution and neglecting the higher ones [9].

Literature on performability modeling of fault-tolerant com-
puter systems is abundant. Beaudry [1] introduced perfor-
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mance related reliability for gracefully degrading fault-tolerant
systems. Meyer [15] used the term performability for the first
time and conducted early research work on this topic. Goyal
et al. [10] have given an overview of availability modeling in
fault-tolerant computer systems. Donatiello and Iyer [8] have
presented a recursive algorithm to compute the moments of the
cumulative distribution of performability. More recently, sev-
eral authors have devised techniques to compute distribution
or moments of performability for repairable systems. These
include Iyer ef al. [11], Smith et al. and, Silva and Gail [6]. In
a series of papers, Pattipati et al. ([16], [19], [17]) generalized
the results to time nonhomogeneous Markov chains.

Uniformization [5]-[7] is used with considerable success as
a computational method for solving Markov chains with large
state spaces. In [6], a generalized algorithm for the evaluation
of performability distribution with exponential computational
complexity in the cardinality of the reward set is presented.
Donatiello and Grassi [7] presented algorithms with polyno-
mial complexity for the evaluation of performability. Pattipati
et al. [18] derived similar algorithms based on uniformization
for the evaluation of distribution of cumulative operational
time based on the hyperbolic PDE’s associated with performa-
bility distribution function. Efficient numerical methods for
computing the moments of performability distribution were
given in [19].

Significant results in performability evaluation of manufac-
turing systems producing single part type have been obtained
by Viswanadham et al. [24] and [25]. In [24], the notion
of performability is introduced and the measure is computed
for a variety of manufacturing systems. In [25], the main
contribution is to develop results on performability for cellular
manufacturing systems producing single part type.

C. Outline of the Paper

In Section II of this paper, we introduce the reliability and
availability measures for manufacturing systems producing
multiple part types. Next, we formulate the notion of per-
formability of a manufacturing system using the concepts of
structure state process and accumulated rewards. An example
of a flexible machine cell illustrates the definitions in this
section. In Section II-D we prove the main results of this
paper, namely the partial differential equations satisfied by
the performability distribution function. In Section II-E, we
derive the moment equations.

In Section III, we consider two important building blocks
of an AMS, namely a machine center processing multiple part
types and a flexible cell processing two part types and obtain
analytically the performability function. Also, we present an
example of a cell manufacturing three part types and compute
analytically the mean, second moment and the coefficient of
correlation between part types.

In Section IV, we deal with the numerical issues concerned
with the computation of cumulative availability and present
two examples. In Section V, we discuss the numerical issues
related to the computation of the moments of performability.
We present a number of examples in each of these sections.

Discrete time versions of these results are reported in [13]
and [14].

II. DEPENDABILITY MODEL

Subsystems of a manufacturing system such as a machine
or an AGV can be in two states: up (properly functioning)
or down (not properly functioning). We say that a given
manufacturing system is properly functioning if it is able to
satisfy a given level of performance, i.e., if the throughput
exceeds a given lower bound, or the lead time is below a
given upper bound, the average machine utilization is above
a given threshold, and so on.

It is possible to evaluate performance in the presence
of failures and repairs by considering an exact monolithic
stochastic model. But such an approach suffers from two
problems: largeness and stiffness. These would pose problems
of ill conditioning and numerical instability. An alternative to
the monolithic approach is time-scale decomposition and we
follow this approach here. It involves decomposing the exact
model into (i) a structure state process (SSP), a model to de-
scribe the system evolution as influenced only by failures and
repairs, and (ii) a performance model that would describe the
system performance (throughput, response time, etc.) in each
state of the structure state model. The basis for this approach
is the natural difference in the time scales of frequencies of the
failure and repair events and of the performance events. The
failure and repair activity durations are orders of magnitudes
higher than the processing and material movements times.
Hence, it can be assumed that the performance model reaches
steady state between changes in system structure due to fail-
ures and repairs. Performability evaluation will then involve
weighting the quasi steady state performance measures by the
structure state probabilities. This leads to a natural hierarchy
of models: a higher level dependability model and a set of
lower level performance models.

The four modeling tools, viz., Discrete event simulation,
Markov chains, Queuing networks and Petri nets could be
used for analysis at both the levels. A performance model
of a manufacturing system is basically a stochastic model
to compute its quantitative performance or rewards in terms
of the throughput, lead time and others. The higher level
dependability model is used to compute the performability
distribution and its moments using the reward information.

In this section, we shall provide several definitions to
describe the behavior of a manufacturing system, taking into
account failures and repairs.

Definition 1: A manufacturing system is degradable if on
the occurrence of a failure, it is operable at a reduced level
of performance, and nondegradable if the system continues
to operate, producing the same level of performance, in the
presence of subsystem failures.

Since manufacturing systems are generally made up of
expensive subsystems, only little excess capacity is available.
This combined with the flexibility will provide redundancy
and a certain degree of fault-tolerance. Thus manufacturing
systems can be classified as fault-tolerant, degradable systems.

Definition 2: Given a manufacturing system, its structure
state is a vector whose components describe the condition of
the subsystems of the manufacturing system due to failures,
repairs, and reconfigurations.
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The structure state of the system evolves with time. The
dynamics of the state transitions is captured via the structure
state process defined below.

Definition 3: Let Z(u) be the structure state of a manu-
facturing system at time u > 0. Then the family of random
variables {Z(u): u > 0} is called the structure state process
(SSP) of the manufacturing system.

Let S be the state space of the structure state process of
cardinality N. For each part type j € {1, 2, ---, P}, S can
be partitioned into two disjoint sets So, ; and SF, ;: So, ; is the
set of operational states in which part type j can be produced
and Sp,; is the set of failed or nonoperational states in which
part type j cannot be produced. We note that

So,]'USF,j =85
So,iNSFj=¢; §=1,2,---, P.
Flexibility implies that for some 7, j € {1, 2, ---, P}
So,iNS8o,; #¢
So0,iNSF,; # ¢

The last equation indicates the fact that in an operational
state several part types could be produced and that there could
be states in which only a subset of part types are produced.

Example 1(a): Consider a flexible cell with two identical
machines Mjand M, and an AGV. Let the states of M;, My,
and AGV be designated as 1 when they are up and O if they
are down. The state space of the structure state process has
six states:

S = {(21), (11), (01), (20), (10), (00)}.

We assume that no work is done when AGV fails or when
both machines fail. Thus work progresses only in (21) and (11)
states. If the failure and repair times are assumed exponential,
then S is a Markov chain.

Suppose we produce two part types 1 and 2 at this cell
according to the following scheduling policy: (i) Produce both
1 and 2 if both machines are up. (i) Produce 1 only if only
one machine is up. Then we have

So,1 ={(21), (11)}

Sr,1 ={(01), (20), (10), (00)}

So,2 ={(21)}

Sr,2 ={(11), (01), (20), (10), (00)}.

A. Markov Dependability Models

Suppose that the structure state process {Z(u), u > 0}
represented by S is a homogeneous finite-state. continuous time
Markov chain with infinitesimal generator matrix Q. Let p;(t)
be the unconditional probability that the Markov chain is in
state 7 at time t. Then p(¢) represents the state probability
vector of the Markov chain, given by

p(t) =p(t)Q
P(0) =po
where po is the initial probability vector.
1) Repairable Systems: When the system is repairable in
every state, the Markov chain is likely to be irreducible. If

the system is not repairable in some states, then the Markov
chain will have absorbing states. The steady-state probability

vector 7 exists if the Markov chain is irreducible and positive
recurrent, and satisfies

Q=0
Z 5 =1.
i€S

Define L(t) = fot p(u) du. Then L(t) satisfies the differ-
ential equation
L(t) =L()Q + Po
L(0) =0
where O represents 1 x N row vector of zeros.
2) Nonrepairable Systems: For nonrepairable systems, the
Markov chain model of the SSP will exhibit absorbing states

that represent complete system failure. Here, the mean time to
total system failure is of interest. To compute this, define

7 = lim L;(t) =/ pi(u)du, i€S
0

then 7; represents the mean time spent by the Markov chain
in state ¢ until absorption. Also n; = 0 for 7 € S,, and is finite
for i € Sy, where S, and S, are the sets of absorbing and
transient states. Note that S = S, U S;. To compute 7; from
Q, form a new matrix Q of size |Sy| x| S|, where | S| denotes
the cardinality of the set S, by restricting @ to only the set of
transient states. Then the row vector 5 = [n1, 72, - -+, M3, ]
satisfies the equation:

Qs = —p:(0)
where p;(0) is the initial probability vector restricted to the
transient states. The mean time to absorption is then seen to

be ZiESb -
B. Dependability Measures

We now define two important measures: reliability and
availability. For this, we define the indicator random variables
foreach j = 1,2,---, P

oy _ 1 if Z(u) € So,;
I(u) = {0 if Z(u) € Sr, ;.
Also, define
I(w) = 1 iij(u) =1 forsomej=1,2,---, P
0 otherwise.

Definition 4: The probability of producing the :th part type,

R;(t) is given by
Rz(t) = P{I,(u) =1, Vue [0, t]}

Further the probability of system functioning properly is

given by
R(t) = P{I(u)=1, Vuel0,t]}.

Example 1(b): For the system in Example 1(a) with no

repair, we have

Ri(t) =p21(t) + p1a(t)
Ry(t) =p21(t)
R(t) =p21(t) + p11(t)

where p;;(t) is the probability that we can find the system in
state (ij).
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1) Single Part Type Case: Consider a manufacturing sys-
tem producing only a single homogeneous product. Then, we
have

Definition 5: The point availability or instantaneous avail-
ability PAV(u) of a system, at time » > 0, is the probability
that the system is properly functioning at time .

The cumulative operational time, O(t) of the system over
[0, ] is the amount of time the system is operational over [0, ¢].

The steady-state availability, A, of a system is the limiting
value of availability PAV(u) as 4 — oo. Thus,

A= lim PAV(w).

uU—00

Note.that A = 0 for nonrepairable systems. For repairable
systems, A is the fraction of time the system functions
properly.

It can be easily seen that point availability PAV(¢) reflects
the state of the system at a given point of time; O(t) is a
much more useful measure. It is easy to see that the above
measures are related by

PAV(u) = P{I() = 1} = E[I(u)]
o(t) = /O I(w) du

and

E[O(®)] = /0 PAV (u) du.

2) Multiple Part Type Case: We now consider manufactur-
ing systems producing multiple part types and define the
availability measures with respect to a typical part type j.

Definition 6: The point availability(PAV ) ;(u) is the prob-
ability that the system is functioning at time u so that part
type 7 could be produced.

(PAV);(u) = P{I;(u) = 1} = E[I;(u)].

The cumulative operation time for part type j, O;(t), over
[0, ¢] is amount of time part type j could be produced i.e.,

t
Oj(t) = / Ij(u) du
0
and
t
E[0(t)] = /0 (PAV);(u) du.
The steady state availability of part type j, A;, is the fraction
of time that the system is available to produce part type j i.e.,
A = Jim (PAV); ().

Note that A; = 0 for nonrepairable systems. When the
structure state process is described by a continuous-time

Markov chain, we have for a given part type j, the following
expressions

(PAV);(t) = D pilt);

i€S0,;
Aj= Z 55
€S0, ;
E[0;)] = Y L)
1€S0,;

We can write down the expressions for mean time to
absorption for various part types. As is clear from Example
1(a), the transient state for one part type may be the absorbing
state for another; hence, the mean time to absorption is
different for each part type. Let S, ; and S; ; be the absorbing
and transient states for part type j such that S, ; U Sy ; =
S. We compute the vector n; = [917;2 - 7j|s¢;] using
equation

1;Qt; = —p;(0).

C. Markov Reward Models

1) Systems Producing Single Part Type: In this section, we
present composite measures that combine both performance
and reliability aspects, using the notions of structure state
process and accumulated rewards. Let {Z(u): u > 0} be
the structure state process of a manufacturing system. In
each structure state, the system can be associated with a
performance measure which may be lead time, throughput,
work in progress, machine utilization, etc. In the most general
case, the chosen performance index is a random variable. Our
discussion in this paper centers around throughput or lead time
because these are important and encompass other performance
measures.

Definition 7: Let {Z(u), w > 0} be the structure state
process of a manufacturing system. Let S be the state space.
Let r; be the reward in structure state 7, which is assumed to
be nonnegative. Then we have

Instantaneous reward at time ¢
X(t) = Tz() =Ti if Z(t)=1

Accumulated reward over time interval [0, t]
t t
Y(t) = / X(u)du = / r2) du.
0 0

Using the above definitions we can compute the expected
values of instantaneous reward and accumulated reward and
also the steady-state values of these expected rewards.

Expected instantaneous reward
EX(®) =Y ripi(®).
i€So
Expected accumulated reward
Ey@®)) =) nlLi(t).
i€So
Steady-state expected instantaneous reward
lim B[X(8)] = > rimi.
i€So
Expected accumulated reward until absorption
tllglo ElY(t)] = Z 7.
1€ES,

2) Systems Producing Multiple Part Types: We now extend
the discussion on instantaneous and accumulated rewards to
the case of systems with multiple part types.
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Definition 8: Let {Z(u), v > 0} be the structure state
process of a manufacturing system with associated state space
S. Let r;; be the reward in structure state ¢ for part type j,
and r; be the row vector [r;1, - - -, 7;p]. Then we have

Instantaneous reward at time tfor part type j

Xit)=rzw; =1y if Z@) =4 j=1,---, P

The instantaneous reward vector at time t, X (t), is defined as

X(t) = [Xl(t)7 XZ(t)a Ty XP(t)]
Also

X(t)=r; if Z(t)=i.

Accumulated reward over time interval [0, ¢] for part type j

t t
Y;(t) = / Xj(u) du = / TZ(u)j du.
0 0

Accumulated reward vector at time t, Y (t), is defined as

Y(t) = [Vi(t), Ya(t), -+, Yp(t)] = / o du

since r;;’s are nonnegative, {Y;(u); j =1,2,--, P} are
nonnegative monotonically nondecreasing function of time ¢.

We can now write down the expressions for expected values
of instantaneous and cumulative rewards and also their steady
state values.

Expected Instantaneous reward at time ¢ for part type 7,
EX; = Y rupi(?)-
i€So, ;
Expected Instantaneous reward vector at time?,
EX@®)) =Y ripit).
1€So
Expected accumulated reward over [0, t] for part type j,
EY;(0)]= Y riLi(b).
€S0, ;
Expected accumulated reward vector over [0, t],
E[Y(®)] = ) rLi).
€S0
Steady state expected instantaneous reward vector,
lim E[X(t)] = > rim.
1€So
Steady state expected accumulated reward vector
until absorption,
lim E[Y(8)] = > rimi.
1€Sy
Example 1(c): Consider the cell with two identical machine
centers and AGV in Example 1(a). The AGV transports
workpieces between the pallet pool and the machine center.
Let A\, and )., be the exponential failure rates of AGV and the
machines. We assume that no repair is possible and the system

is down when AGV is down or both machines are down. The
structure state process is given by {(2, 1), (1, 1), F'}. The

2\
21 i1

A+ A

Fig. 1. Structure state process of Example 1(c).

transition diagram is shown in Fig. 1. From Example 1(a) it
is clear that ' = {(01), (20), (10), (00)}.

Suppose our scheduling policy is such that we produce both
products 1 and 2 in state (21) i.e., when both machines are up
and we produce 1 only in (11). The infinitesimal generator of
the SSP is given by

—(2Am + Ad) 2Am Aa
Q = 0 _()‘m + ’\a) ()‘m + )‘a)
0 0 0

and the reward vectors in each structure state are

re; = [7”1 7"2]§
rip =[r1 0]
rrp = [0 0].

Assuming that the initial state of the system is (21), we have

E[Xl] =r [26—(>\m+)\a)t _ e-(z}\m+)\a)t]
E[Xa] = 2rafe=OmHAa)t _ o= (-2An+Aa)t]

3Am + Aa 2
EMi®)] = [(zAm IO ) Ot A
1
(o)t —(@AmAAa)t
e + I e }
2\ m 2e™(Am+2a)t

E[Y2(t)] =72 [()\m ) (2m + ) Am )
26_(2Am+xa)t]

* (22 + o)

D. Distribution of Y (t)

Variability is an inherent characteristic of manufacturing
systems. Therefore, it is not sufficient to compute the mean
accumulated reward E[Y (t)]; one needs to evaluate higher
moments of Y (¢) and/or its distribution in order to ascertain
the probability of meeting a target product mix. Our aim here
is to characterize the distribution of Y(t), i.e., to compute
Fy(y, t) = Prob{Y(¢) < y}, and its moments E[Y"(t)],
E[Y;(#)Yk(t)], forn > 1and j, k=1,2,---, P.

Consider an AMS producing P part types with structure
state process described by {Z(u), v > 0}. The P-dimensional
accumulated reward vector Y (t) is defined as earlier by

i
Y(t):/ T2(w) du
0

where r; is the 1 x P reward vector in the ith state. Now,
consider the composite process {Z(u), Y(u), u > 0}. The
following lemma follows from the definition of a Markov
process [20].
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Lemma 1: The composite process {Z(u), Y(u), u > 0}is
Markov. More specifically,

Pr{Z(t) = §,Y(t) < Y¢|Z(s) =,

Y(s)=ys [Z(u), Y(u),u€0,s)]}
=Pr{Z(t)=j, Y(t)<y:|Zs=4i, Y(s)=ys}
= PI‘{Z(t) =7, Y#)-Y(8)<yt~ys|Zs = i}.

Furthermore, the composite Markov process {Z(u),Y (u),
u > 0} is homogeneous if {Z(u), u > 0} is homogeneous
and the reward rates r.(,) are time-invariant.

The evolution of the composite process {Z(u), Y(u),
u > 0} is completely described by the N x N matrix F(y, t)
defined by

Fi(y, t) =Pr{Z(t) =34, Y() <y|Z(0)=i}.

Evidently, F;;(y, t) is the cumulative distribution function of
{Y(t) <y, Z(t) = j} given that the system starts in the
initial structure state ¢. We note that since r;; > 0, for any
y; <0, F(y, t) = 0 and also that F'(y, t) has finite number of
discontinuities and is differentiable. Let W (y, t) = [w;;(y, t)]
be the matrix of joint density functions defined by

OF Fy(y, t
wij(yat)—. ](y )

T By10ys--Oyp ,J %)
Oy1 0ya - -- Oyp fr@,z@ 1 z©(¥:7 %)

Conversely it is true that

Fij(yat)=/ // wij(y, t)dyr dy2 - - - dy,
Y1 Y2 yp

Ty ),z 2@ (Y, 3 17) dyr dyz - - - dyp.

We can see that w;;(y, t) and fy (), z()| z(0) (¥, 7 | i) are
the joint conditional density functions of {Y(t), Z(t) = j}
given that Z(0) = . We find it convenient to use both w;;
and f in the proofs of the Theorems.

Our aim here is to characterize the distribution of Y (¢),
i.e., to compute Fy (¢) = Prob{Y(¢) < y}. We can compute
Fy (t) from F(y, t) in the following way. We first define two

N vectors a(y, t) and B(y, t). The 1 x N row vector a(y, t)
is defined by

a(y, t) = [oa(y, £) - an(y, )]
where
a;j(y, t) =Pr{Y(t) <y, Z(t) = j};
It can be easily seen that
a(y, t) = p(0)F(y, )

where p(0) is the initial probability vector (1 x N).
We define the column vector B(y, t)as

ﬂ(ya t) = [ﬂl(y’ t)a A} ﬂN(y$ t)]T
Bi(y,t) =Prob{Y(t) < y|Z(0) = i}.

J=12 -

It can be easily seen that
B(y, 1) =F(y, t)e.
Finally, we have
Fy(t) =Prob{Y(t) <y} =p(0)F(y, t)e
=aly, t)e =p(0)B(y, t).

We now proceed to prove several results useful in computing
Fy (t)

Lemma 2: The Matrix Chapman—Kolmogorov equation of
the composite process {Z(u), Y(u), wu > 0} is given by

Wiy, = [ W Wy -, t-a)dy.
¥y
Proof: From the Total probability Theorem, we have
wi; (¥, t) = fy@),ze) 20)(Y,519)
/,

), 20),Y(0),2(0) | 20) (Y, 5, ¥ k| 1)dy

I ),2) 1Y (0),2(0),20) (¥ 5 | ¥: Kk, 7)

M= 1=

<
kol
il
-

Y (0),2(c)1 2(0) (T, K | 1)

N
= / Z ) -Y(o),z2@) | 2@) (Y — ¥, 7 k)
Y k=1

(o), 2(0) 1 2T, k| 7)

N
= [ 3 vy Jussly -9, = )5
y k=1

Lemma 3:

Fij(Yv t) =

P
H U(ym — Timt):| e M 6y
m=1
: N
+ / Aie‘A“’ z P,;kaj(y —r;o,t— 0’) do
0 ’ k=1

where U(z) = 1 if £ > 0 and zero otherwise.

Proof: Suppose the system starts at time O in state ¢ and
is in state j at time ¢. Further, let Y(¢) < y. This can happen
in two ways:

1) System is in state i during [0, t] earning a reward
rimt; m = 1,2, .-+, P during [0, {]. We have the
probability that the system stays in 7 during [0, t] as

Prob{Z(r) =4, 7€[0,4]|Z(0)=1i}=e "

Also
Prob{Y(t) <y | Z(r) = i,

= H U(ym - ’I‘,;mt).

m=1

T € [0, t]}
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Combining the above two equations, we get
Prob{Y(t) <y, Z(t) =1, 7¢€l0,t]|Z(0) =1}
= 1 Uilys —rist)e™".
J

2) System is in state : during [0, o) and transits to state &
at time o. In this case, we have
Pr{Z(r)=14, 7€[0,0) and Z(t)=k|Z(0) =1,
t€lo, 0 +do)}
= /\ie_AiUPik do.

In addition,

Pr{Y(®) <y, Z(t) =j|Z(r) =4,
T €[0,0); Z(o) =k}
=Pr{Z(t) =4, Y()-Y(o)
< (y—rio)| Z(0) = k}
= Fi;(y — rio, t).
Since k can take any value between 1 and N and o
between [0, ], we average the probability over [0, ]
and sum over 1 to N.

The result is obtained by realizing that F;;(y, t) is the
sum of the two terms in (i) and (ii). O

E. Partial Differential Equations for F(y, t)

We now derive the forward and adjoint partial differen-
tial equations (PDE’s) that characterize the evolution of the
composite process {Z(u), Y(u), u > 0}.

Theorem 1: The joint distribution matrix F(y, t) satisfies
the following linear hyperbolic partial differential equation

OF(y. t) _ i 9F(y, t)
ot =1 8y]-

F(0,t)=0, t>0

R; + F(y, )Q;

and

b

F(y,0) =H

where R; is a diagonal matrix with elements 715, 725, -+
and Iy is a N x N identity matrix.
Proof: See Appendix A.
Theorem 2: The matrix F(y, t) satisfies the adjoint partial
differential equation

y TNj

OF(y.t) _ s~ p OF(.1)
F(0, ) =0
P
F(y,0) = H U(yp)In.
p=1

Proof: Can be obtained along the same lines as Theorem

Corollary 1: For non_repairable systems, Q is lower tri-
angular. Consequently, it is true that F(y, t) is also lower
triangular.

Corollary 2: a(y, t) satisfies the following PDE

EQ_’_ = Z Ba(y, t R; +a(y, t)Q;

LHpr]IN

Proof: Premultiplying PDE in Theorem 1 by p(0) the
result follows. a
As we noted earlier Fy (y, t) = a(y, t)e. If we are given
the initial probability distribution p(0), then by solving a for
various “¢,” we can compute the distribution of cumulative
production at various times.
Corollary 3: B(y, t) satisfies the adjoint PDE

a(0, t) =

aly,0) =

By, 1) _ = B,
o ]ZIR, oy, +QB(y, t);
B(0, t) =

P
B(y,0) = [H Uyp)| e

Once fB(y, t) is computed, we can determine Fy (y, t) by
using the fact that Fy(t) = p(0)B(y, t). We can obtain
Fy(y,t) by solving B(y, t), if it is desired to compute
Fy(y, t) for various initial configurations.

Theorem 3: Suppose we associate the variable s, p;, J=
1,2,---, P witht,y;, j=1,2,---, P, then the multidi-
mensional Laplace transforms of W(y, t), F(y, t), a(y, t)
and B(y, t) are given by

-1

P
W(S, I") = SI+Z ;u']RJ -Q
Jj=1 ]

q-1

P
3I+ZujRj—Q

F(s, p) = s - -
I
j=1

a(s, p) =p(0)F(s, u)

B(s, n) = F(s, we.

F. Moment Recursions

We have derived in the previous section the PDE’s satisfied
by F(y,t). We now derive recursive ordinary differential
equations describing the evolution of the moments of Per-
formability. Specifically, the determination of nth moment of
performability will be in terms of (n— 1)th moment. Formally,
let m7 (t) be the column vector denoting the nth conditional
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moment vector for part type j, defined by

m), (1) =E[Y}(1)|2(0)=i]; i=1,2,N;
i=1,2-,P
= /000 YWy, tedy;; j=1,2,---, P
m}(t) = [mi,p Mn,2, * mi,N]'
It is clear that m}(t) = e; mJ(0) = 0.

Also the nth moment of cumulative performability for part
type j is given by E[(Y(¢))"] = p(0)mi,(¢)

Theorem 4: The moment vector ml,(t), n > 1, j =
1, 2, ---, P evolves according to the equation

dm (¢ ' ‘
rr;-r;( ) = Qm’ (t) + nR;m],_,(t);

mj(t) = e

Proof: This can be easily proved by first noting that

o
ou}

P -1
. <SI+ZI‘iRi—Q) e
3 B#,=0

=1

M (s) = (-1)"

i=1,2,., P

where MY (s) is the Laplace transform of m/ (¢).
Using the fact that (sI — Q)~'e = (1/s)e, we obtain

My (5) = (s - Q) RyJ"e

which implies the recursion of the Theorem. O

We can also obtain the conditional variance for part type j,
j=1,2,---, P and for each initial state 7,1 =1, 2, --- , N
denoted by

i3
> =mit) = [mi O i=1,2 -, N;
j = 1’ 27 Tty P
Theorem 5: The pairwise joint conditional moments of part
types jand k, ’égiven that the system is in state : initially,
denoted by mj;(t) and defined by
mii(t) = EY;Yx | 2(0) =i i=1,2,---,N

satisfy the following equations

dmiF(t ; ;
2080 — Qui(9) + Rymi($) + Rumi (0
mi*(0) =0
where mif = [m*, ---mgf‘N]T.

Proof: The result can be proved by differentiating
W{(s, u) wrt. p; and po and setting gy = ps = -+ =
pp = 0 and simplifying the resulting expressions. O

II. ILLUSTRATIVE EXAMPLES

Example 2: Consider an NC machine producing two part
types, i.e., P = 2. The machine can be in two states: UP(1) or
Down(0). When the machine is up, it produces simultaneously
both the part-types at a rate r1/hr and rp/hr. The system is
initially working and failure rate is A, i.e., p(0) = [0 1]. We
have

Prob {Y(t) < y} =p(0)F(y, t)e
=Fn(y, t) + Faa(y, t).
Also the @) matrix is given by

0 0
o= 5]
From Theorem 1, we have
OF3 0F5 0Fy;
= - - — MF:
at By L By, 22

OFy
En = AFs,.

The above equations yield

Fao(y1, Y2, t) =€ XU (y1 — r1t)U(yz — 72t)

t
=A / e MU (yp — rit)U(ya — rat) dt
0

min [¢, (y1/71), (¥2/72)]
/ e M dt

0
le(yl’ Yo, t) =1= e‘* min (¢, (yl/"‘l)7(y2/"'2)].

Hence,
P(Y1 <y, Ya<ys t)=1— e~ mint, (y1/r1), (y2/72)]
+ e MU(y; — r1t)U(ya — rat).
The marginal distributions of Y; and Y; are given by
P(Yi <yi, t) =1 — e~ minlt W1/m) 4 =M (yy — ryt)
P(Yy<yy t)=1—e ™2 [t (w2/r2)) e MU (yy — rat).
We can also compute the moments as follows

mi(t) = [m%,l miz]T

1
——dzlt(t) =Qmj(t) + Rue;
m1(0) =0.

We have mi () =0, m} »(t) = r1/A(1—e™).
Similarly we have

mfi 1(t) =0,
m? 5(t) =22 (1— ™).
Also for the second moment we have
mj,=0; j=1,2
m%’z = 2)%% (1—e ™ — Xte™™)
m§,2 = 2)‘L2% (1- —At )\te_)‘t)
U% —m%,z - (ml,z)2
3 —2xt -t
=35 (1—e - 2Mte™ ™)
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TABLE I
PROCESSING TIMES FOR PART TYPES

Part Type Mean machining time in minutes
(No. of fixtures) | Operation 1 Operation 2
P1(3) 10 -
P2(3) - 8
P3(4) 5 10
and

2_ T3 A

9= 33 (1 — e 22 — 2xte™™).

Let us now turn our attention to the second moments mj? ()

and mi2,(t). From the differential equation in Theorem 5, we
can show that m}? () = 0 and
() _ (1—e)
dt -m (t) + 27’17‘2 —)\——.
Solving the above equation, we get
12 t 2T1T2 1 —At At —At
myo(t) = T( —e = Ate™™)
Cov(l, 2) =m%’22 - m}72mi2
_TiT2

(1 — 2xte™™ — e=2M),

22
The correlation coefficient p(1, 2) is

Cov (1, 2)
0102

P (17 2) = =1.
Hence the products 1 and 2 are linearly correlated.

Example 1(d): Consider the flexible cell in Example 1(a)
manufacturing two products A and B. Let A, and A, be
the exponential failure rates of AGV and machines. The state
diagram is shown in Fig. 1. We use the result of Corollary 3
to determine the distribution of performability. We note that
R1 = d1ag {’I‘A, rB, 0} and Rz = dlag {TA, 0, 0}

We have the following equations from the multi-dimensional
Laplace Transform equations

[sI + R+ paRe — Q] e

ﬂ(#’la 2, 3) =
M2
Let qi(s) = [pipa(s + para + Am + Aa)] 7%, and ga(s) =
[$+p17 4+ 1278 +2Am + o] 1. Expanding the above equation
1
Ba(p1, p2, 8) =
H1p2$s

B2(p, pz2, ) =q1(s) [ m+)\ }

Am(s + /\ + )‘a)ql(s)

Bi(p1, p2, s) = q2(s) [

Hi1p28 lhuz}

Time domain results can be obtained by inversion.

TABLE II
REWARDS ASSOCIATED WITH PART TYPES

State (i1) T(10) ] (01) ] (00)
Part Type | Reward (parla per hour)
P1 4.5961 6 0

P2 39903 0 | 7.5 0

P3 2.8078 | 0O 0 0

Example 3(a): Consider a flexible cell with two machines
M1 and M2 and producing three part types P1, P2, and P3.
The machines are assumed to be failure prone and no repair is
possible. Table I gives the mean processing requirements on
each machine for each part type and these times are assumed
to be exponentially distributed.

We assume that the failure rates of machines M1 and M2
are \; and ), respectively. The structure state process S of the
underlying reliability model containing four states given by

§ = {(11),(10), (01), (00)}

where the tuple (i, j) denotes the state of the machines M1
and M2 respectively. The state of machine is represented by
1 if it is up and O if it is down. In each of these structure
states, the performance model is solved using MVA analysis
of the underlying queuing model [12]. Table I summarizes
the rewards for each part type in each of the structure states.

The composite performability model is solved analytically
and the equations for the mean and second moments of the
performability distribution are obtained.

4.5961 6.0
mi(t) = —0 - atr
1= | AP WowSw
A2 — (M + )\2)6—)‘“ + )\16()‘1'}-)‘2)1:]
3.5961 7.5
mit) = ———— 1 — e—Gatd)yy
1) (M +A2) [ ] A2(A1 + A2)
J1 = (A + Ag)em et 4 AgePi )]
2.8078
md(t) = 22008 [ _ gmudaly,

(A1 +A2)

Similar expressions can be obtained for the second moments
and cross moments analytically. To study the variation of the
correlation coefficient, we have plotted the behavior of this
function with respect to various parameters. Fig. 2 plots the
variation of the correlation coefficient between part types as a
function of time for A; = 0.02 and Ay = 0.01.

Typically, correlation is an expression of relationship. Per-
fect correlation is indicated by a correlation coefficient 1.0; no
relationship between phenomena is indicated by a correlation
coefficient of 0; and a perfect negative relationship (in the
sense that one variable increases as the other decreases) is
indicated by a correlation coefficient of —1.0 [21]. In Fig. 2,
we observe that the correlation between part types 1-3 and
2-3 is generally positive, except at the beginning where
the correlation between 2-3 is negative. This can attributed
to the fact that when parts of type 3 are produced, both
the machines M1 and M2 are up and they also produce
parts P1 and P2. Fig. 3 plots the variation of the correlation
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Fig. 2. Variation of correlation coefficient with time A; = 0.02, A2 = 0.01.
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Fig. 3. Variation of correlation coefficient with time A\; = Ay = 0.01.

coefficient with time for A\; = A = 0.01. We observe that
the correlation between part types 1-3 has decreased and
the correlation between part types 2-3 has increased with
the reduction of failure rate of machine 1. Figs. 4 and 5
plot the variation of correlation coefficient at 8 and 100 h
of production as a function of failure rate A;. In both cases
the correlation between part types 1-3 is very close to 1 for
higher ), showing a definite failure of machine 1 and thus
lower production of both part types 1 and 3. The correlation
between part types 1-2 and 2-3 approaches O in case of 100-h
production, due to a definite trend of lower production of part
types 1 and 2 and relatively higher production of part 2.

IV. DISTRIBUTION OF CUMULATIVE OPERATIONAL TIME

The goal of traditional reliability analysis is to find the
distribution of availability or cumulative operation time. This

10 11T

AT B T TS0+
T T T A T T P 4

05 * : Part Types 1-2 —
Correlation O : Part Types 2-3 i
Coefficient I: o : Part Types 1-3 i

0.0

-0.5

L I L1 - I L3 1 |
0 0.2 0.4 0.6 0.8 1.0
Failure Rate of machine 1 (Ay)

-1.0 PR S N U S N N B R I

Fig. 4. Variation of correlation coefficient with failure rate A; att = 8 h.

10 17171 LI
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05 |- o : Part Types 1-3 -
Correlation - 7
Coefficient L B
0.0 i&EEB—E o —H—fp-—4
05 |— —

-10 11 1 I I -] 1 | | I 1 I 1 4.1 1 I 1 11 1

0 0.2 0.4 0.6 08 1.0
Failure Rate of machine 1 (A)

Fig. 5. Variation of correlation coefficient with failure rate Ay at ¢ = 100 h.

measure is important in its own right during the system design
phase to assess the influence of failure and repair rates on
system availability. Here we are concerned with computing
the distribution of cumulative operation time for systems
producing multiple part types. The results in this section are
thus a generalization of the single part type results presented
in [7]. We use the results from [18] to compute recursively
the distribution of O;(t), the cumulative operation time for

part type j.

A. Numerical Methods
In Section II-D, we defined the column vector S(o;, t) as

Bloj, t) =[B1(0j, t), -+, Bn(oj, )T
Bi(0;, t) =Prob{0;(t) < 0;| Z(0) = i}.
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Let, for a given part type j,

ﬁi(Oj, t; n) = Pr {OJ(t) S 03,
n transitions in (0, t) | 2(0) = ¢};
i=1,2,---, N.
Then,
Bloj, t) =Y B(oj, t; m).

n=0

We state the following theorem in the case of availability
computation.

Theorem 6: For an availability problem and for a given part
type j, Bi(o;, t; n) can be recursively computed as

4 oo

U(Oj—t)+z

n=0

> (1) ()

k=1

: < - %)n—k dnji j(k — 1)]

U(t— Oj); 1€ Soyj

e—)‘t()\t)n

Bi(0j, t; m) = 3 o e .
U(oj —t) + Z e—%\ﬂ—
n=0
MBI
( 07] n,i,j(k)]
. U(t—o05); t€S8p;

where d,, i j(k) are given by the recurrence equations

dn,i,j(0)= Y Pijdn-1,p,5(0),
PESF,;
dn,i,j(k) = Y, Pijdn-1,p,5(k~1)
PESo, ;
+ Z P‘ijdn—l,p,j(k); k # n, 0;
JESF, ;
dn»ivj(n) - Z Pijdn-—l,p,j(n - 1)
PESo,;
+ 3 Pijdn_1p(n—1)
JESF, ;
=1.

Proof: See [18].
Corollary 4: For an availability problem, the kth moment
of the cumulative availability distribution for a given part type

TABLE III
AVERAGE MACHINING TIME IN MTS

Part Type | M1 | M2
Part P1 10 -
Part P2 - 8
Part P3 5 |10

j, is given by

mi )= [ Kok~ Ao, D] do

—¢k 1_%%

1
ne0 n:

2“: (k+§—1) o,

-~ 2 d
= n+k ’
k

Example 3(b): Consider a flexible manufacturing cell with
two identical machines M1 and M2 producing three part types
P1, P2 and P3. Part P1 is produced on machine M1 and part
P2 on M2. Part P3 however requires both M1 and M2. The
average processing times required for each part type are given
in Table III.

We assume that both the machines are prone to failure and
the failure rates are assumed to be 0.02 and 0.01, respectively
for M1 and M2. We consider two alternate schemes of
operation. Under scheme A, once a machine fails no repair is
possible. In scheme B, we assume the availability of a single
repair facility and the failed machine can be repaired at a rate
of 0.5 per hour. Also we assume that the repair is undertaken
on a nonpreemptive basis and the repair of machine M2 has
higher priority over that of M1.

The availability model of the above cell is a continuous time
Markov chain and the distribution of cumulative operational
time can be obtained using the results of Theorem above.
Fig. 6 shows the distribution of cumulative operational time
O, (t) for various part types (j) under scheme A, over a period
of 100 hours of operation of the cell. It can be seen from the
distribution function that Pr[O3(¢) > 80] = 0.1 in contrast to
Pr[O,(t) > 80] = 0.45. Fig. 7 shows the same distributions
under scheme B, when repair is possible. In this case the above
figures are very close to 0.99 for both part types 2 and 3.

Example 4(a): We consider a cellular manufacturing sys-
tem, consisting of identical cells 1 and 2, linked by a conveyor.
Each cell contains two identical machines and a robot for
material handling. The cell is operational if conveyor, robot
and either of the machines in the cell are up. The overall
system is operational if either of the cells is operational.
Two part types 1 and 2 are produced in this system. Part
type 1 is produced in cell 1 and requires 0.167 h of average
processing time. Part type 2 is produced in cell 2 and requires
0.25 h of average processing time. We assume that all the
subsystems are prone to failure and the failure and repair times
are assumed to be exponentially distributed. A pool of one or

B. Examples
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Fig. 7. Distribution of cumulative operation time for cell with repair.

more equally capable repairmen is assumed to be available to
repair the failed subsystems. A repairman can work on only
one failed subsystem at a time, and a failed subsystem can
use the services of only one repairman. When repairman has a
choice in taking up the equipment for repair, he employs the
following nonpreemptive priority rule.

* MHS: priority level 3 (highest priority)

« Robots: priority level 2

» Other machines: priority level 1 (lowest priority)

Among failed units with same priority level, each failed unit
is chosen with equal probability. When number of repairmen
is zero, this corresponds to a system without repair.

The failure and repair times (in hours) of the individual
components of the system are given in Table IV.

Figs. 8 and 9 show the distributions of cumulative opera-
tional time of the cellular manufacturing system for part types

TABLE IV
FAILURE AND REPAIR TIMES OF THE SUBSYSTEMS OF CMS
Equip MHS Cell 1 Cell 2
ment Conveyor | R1 | M, | M, [ R2 | M, | M,

MTTF 480 96 | 72 | 72|64 72|72
MTTR 40 151212 [15]12] 12
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Fig. 8. Distribution of cumulative operation time for CMS without repair.
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Fig. 9. Distribution of cumulative operation time for CMS with repair.

1 and 2 over an operational period of 96 h, with number of
repairmen O and 3, respectively.

The effect of repair on the availability of the system is
evident from the graphs. Consider the values of Pr(O;(t) >
80) for both part types with and without repair. The probability
is higher for part type 1 in both cases as the cell 1, where part
type 1 is manufactured, is more reliable.

V. MOMENTS OF PERFORMABILITY

A. Numerical Methods

Although the performability function satisfies nice partial
differential equation, obtaining stable numerical solution is a
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difficult task. In this section, we concentrate on developing
numerical methods based on uniformization for solving the
moment equations.

B. Computation of the First Moment

We now consider a numerical method for obtaining mj (t),
the first moment for part type j, using the differential equation

dm (t)
dlt = Qm(t) +r;
where r; = Rje is a N x 1 column vector.
Theorem 7:
=Y (ol () (1)
m=0
where
i — pgl T3,
o =Pol,_, + 3
o =1 2
0 =" @
At
Om(t) =bm-1(t) — =3
8o = Ate™ ™ 3

Proof: The solution to the above structure equation is
well known and is given by

. ¢
m{(t):/ e9r; dr.
0
Let P be a matrix defined by (Q/A) + I, where A >

max (|gi;|). This implies that

el —AT n
th — Z € (AT) P".

n!
n=0

Now m(t) can be expressed as

X P r. t =T n
i (1) S

70 n 0 n.

1 e MO)™H | &K L,
= X Tnzzo (m+ 1)| 7;) P rJ
=Y Sm(D)od(t)

m=0

where
; - P"r;
7 7
=3
n=0
and
5. = e~ M(At)mHt

(m + 1)!

It is easy to see that both o7, and §,, can be recursively
computed using (1)—(3).

C. Computation of the Second Moment

Consider the differential equation for the second moment
j
m(t),

dmi(t ; ;
50 Qmi) + Rymi () @
In the following theorem we present a recursive solution for
mj.
Theorem 8: Define the recursion
k—1
St k) =St k—1)+2 >
m=0
[ (5 ot (5 ] vt
R;
+ 27l'k ( ) 0J62k+1(t)
where
Tn = 1rn—1P
and
o = Po- )
Let
i R\
S2(t, 0) = 27 By 0’651 (6)

and o7, (t) and 6,,(t) are as defined in Theorem 7. Then, we

have
$i(t) = pomd(t) = Jim Si(t, k).
Proof: From (4), we have
. t -
ml(t) = / eRC- Rm] () dr
0

_2 / L) U i)
Ao n!
o e—A‘r(/\T m+1 | ™
Pir.
T (m+1) Zo i

%iiiPnRquj/t
n=0 m=0 ¢g=0

e~ =T\t - )"

.P"R;

e 2 (AT)mHl

n! (m+1)! dr
g o = m
= HE;OP“ Z Rje~ (n+m+2 Zqu].

From the above equation, we have

Z E ﬂnR Om n+m+l

n=0 m=0

S3(t) = pomj(t) =
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where x,, = w,_1 P and my = polet

k
; Z Z nR; am6n+m+1

n=0 m=

S’tk

Clearly, S3(t, k) - S3(t) as k — oo. We can now
recursively obtain S3 (t k) toward this end.

k

Z (R ) O 6n+m+1

S]tk

R;
(t k—1)+2 Z Tk(/\>am6k+m+1

+2 Z Tm < ) O 6k+m+1

k—1
=Si(tk-1)+2 >

m=0

R; R;
. [Wk (TJ) O + T, (TJ) Uk] Oktmi1
R;
+ 27y, ( 3 >0k52k+1

Thus, the theorem.

D. Examples

The methodology of Section II has been applied to a variety
of manufacturing applications with number of states N ranging
from 2-600. In this section, we present two examples to
illustrate the approach.

Example I(e): Consider Example 1(b) described in Section
III. For computational experiments, we consider two alternate
schemes of operation.

Scheme A: The cell is operational only if at least one of
the two machines and AGV are operational and none of the
components can be repaired once they fail. The rate of failure

g

T 1T 1T 71
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L B : With Repair n
80 (— —
Production [ ]
Part Type 2 i ]
60 |— |
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Production - Part Type 1
Fig. 11. Confidence regions for cell with repair.

of machines (A,,) is identical and is equal to 0.02 per hour.
The rate of failure of AGV ()\,) is assumed to be 0.025 per
hour. The reward vector for part type 1 is [6.0 6.0 0.0} and
part type 2 is [10.0 0.0 0.0].

Scheme B: In this scheme, the machines and the AGV are
assumed to be repairable. We assume the availability of one
repair facility common to both the machines and AGV. The
machines can be repaired at a rate (u,,,) equal to 0.5 per hour
and the AGV repair rate (u,) is assumed to be 1.0 per hour.
We also assume that the AGV and machines can fail when
the other components are undergoing repair and that the repair
facility gives higher priority to the repair of AGV over the
machines.

The first two moments are calculated for the cell operating
under both the schemes over a mission time (T") of 8 h (1 shift).
Fig. 10 shows the variation of mean and standard deviation for
part types 1 and 2 over the 8-h time period under scheme B.
We observe that all these variables increase with time and
this trend continues for larger mission times. In contrast, they
tend to saturate for larger machine times under scheme A.
In particular, note that the coefficient of variation is between
0.09-0.18, a result consistent with that in [9]. Fig. 11 shows
the one sigma confidence regions considering the production
of part types 1 and 2 as a bivariate normal distribution. The
plot shows the confidence regions for schemes A and B and
for mission times of 4, 6, and 8 h. We observe that the size
of the ellipses increases with mission time and also that the
ellipses are smaller and well separated under scheme B. Thus,
we can meet the production schedules with more confidence
under scheme B.

Example 4(b): We consider a cellular manufacturing sys-
tem, discussed in Example 4(a). We assume that the number of
repairmen is O i.e., no repair is possible. We modeled the above
system using Generalized Stochastic Petri Nets (GSPN’s) and
obtained the Q matrix from the tangible states of GSPN, which
number 128. Since the part types are produced in different
cells, the production rate in each state of GSPN is obtained
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Fig. 12. Variation of mean and standard deviation for cellular manufacturing
system without repair.
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Fig. 13. Variation of mean and standard deviation for cellular manufacturing
system with repair (1 repairman).

from the throughput capacity of each cell in that state. Fig. 12
shows the plots of the mean and variance of cumulative
production for part types 1 and 2 over a time period of 24
h. Note that the production rate of part type 1 varies between
38-86% even though the mean is 62%. The production rate
of part type 2 shows a similar behavior, thus justifying the
relevance of variance. Fig. 13 shows the variation of the mean
and variance of cumulative production with one repairman.
The coefficient of variation i.e., the ratio of standard deviation
to mean, reduces in this case, thus reducing the variability.
Example 5: In this example, we consider a generalized
flexible manufacturing system producing two part types Pl
and P2. The schematic of the system is shown in Fig. 14. The
system contains four machines and an AGV for transporting
the workpieces to the machines. Each part type requires three

Machine 1 Machine 3
Type 1
Parts of type 2
Type 2
Parts of type 1
Machine 2 Machine 4
Fig. 14. Schematic of flexible manufacturing system producing 2 part types.

TABLE V
OPERATIONS FOR PART TYPES
Part Type | Operation 1 | Operation 2 | Operation 3 |
P1 M1 M2/M3 M4
P2 M2 M1 M3
TABLE VI

PROCESSING TIMES FOR PART TYPES

Part Type Mean machining time in minules
Operation 1 | Operation 2 | Operation 3
P1 10 5 on M2 12
8 on M3
P2 8 15 5

operations and the routing table in Table V shows the machines
and time requirement for various part types.

We assume that the processing times on each machine are
exponentially distributed and the mean machining times are
given in Table VI. AGV transports the work pieces after each
operation to the next selected machine. We assume that the
time taken for an AGV operation is exponentially distributed
with a mean of 1 min. Also, we assume that the four fixtures
each are available for part types P1 and P2.

This generalized FMS is modeled using stochastic Petri nets
and the performance measures such as throughputs for each
part type are obtained, considering that there are no failures
during the operation. The failures and repairs of individual
components are given in Table VII and are modeled using a
separate reliability model. A centralized repair facility is as-
sumed for repairing the failed components on a nonpreemptive
basis. The repair of AGV has the highest priority and repair
of all other machines has equal priority at this facility. The
repair facility is assumed to be manned by n repairmen, and n
is varied from 1 to 3 to study the behavior of the system with
better repair facilities. The performability model of this system
is obtained by substituting the rewards in each of the structure
states of the reliability model, from the performance model.
The moments of the performability distribution are obtained
for each part type, over an operational period of 100 h.

We study the variation of mean throughput and its variability
under different possible design options. The design choices,
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TABLE VII
FAILURE AND REPAIR RATES OF THE COMPONENTS OF FMS
Component | Failure Rate | Repair Rate
M1 0.005 0.5
A2 0.01 1.0
M3 0.1 1.0
M4 0.01 1.0
AGV 0.002 0.25
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Fig. 15. 'Variation of coefficient of variation for GFMS.

we consider are
1) a repair facility with one repairman
2) a repair facility with three repairmen
3) a repair facility with one repairman and machine M3
replaced with a more reliable machine (failure rate
changed to 0.05).

The mean throughput of parts under these different schemes
are listed in Table VIII. We can see that there is not much dif-
ference in the variation of throughputs. In fact, the maximum
variation is about 1.16% for part type 1 and 4.86% for part
type 2. The coefficient of variation, defined as the ratio of
the standard deviation to the mean, provides an estimate of
the variation of the mean output. Fig. 15 shows the variation
of the coefficient of variation for part types 1 and 2 under
the schemes A and B. Here also, we find that the variability
decreases marginally for both part types when we increase
the repairmen from 1 to 3. Fig. 16 shows the coefficient of
variation for part types 1 and 2 under schemes A and C. We
can observe that the decrease in the coefficient of variation for
part type 2 is much higher under scheme C, in comparison to
the schemes A and B. It can be concluded that scheme C is
more suitable in case we wish to keep the variability of the
mean production minimum.

V1. CONCLUSION

This paper showed that the probability distribution of cu-
mulative production (reward) of a manufacturing system pro-
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Fig. 16. Variation of coefficient of variation for GFMS.

TABLE VIII
MEAN THROUGHPUTS IN PARTS PER HOUR
Scheme | Part 1 Part 2
A 312.3477 | 154.5891
B 313.1952 | 155.1238
C 309.5294 | 162.1136

ducing several part types satisfies a linear hyperbolic partial
differential equation. We also derived the moment recursions,
which are in the form of ordinary differential equations. Exam-
ples illustrate the efficacy of the theory in the manufacturing
system context. There are several problems that need attention
(i) efficient numerical methods for solving the PDE’s, (ii)
significance of the results for some real world systems, and
(iii) extension of analysis to discrete time models. Some of
these issues are currently under investigation by the authors.
Traditionally, reliability of production is maintained by
addition of buffers at various machine centers or at a central
place. The modeling methodologies presented are applicable
for buffered systems but would lead to Markov models with
larger state spaces. An interesting study would be to design the
“optimal” combination of buffer space, repair strategies and
the scheduling policy. In actual practice there are several pre-
ventive maintenance policies that are followed. Performability
evaluation of each of these schemes would enable us to rank
order these policies [3]. Also Integrated Production-Inventory
systems is an interesting subject for further study [2].

APPENDIX

A. Proof of Theorem 1

From Lemma 2, we have

N
wisly 0= [ 3 wild, oJungly = 9. £ ).

Y k=1
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Substituting o = ¢ — h and integrating both sides with respect

to'y, we get
N
Py )= [ 3 Figly =9, (3 = by dy.

Y k=1

From Lemma 3, we have

h
Fii(y - 9,h) =U(y — § — reh)e ™" 85 + / I
0
N
. z PimFroj(y — ¥ — rim, h — 7)dT.

m=1

From the above equations we have

Fi(y,t)=hL+ 1>

where
I = / Z Uy-¥ - rkh)w,-k(S', t— h)e_Akh (Skj dy
¥ k=1
= [V =5~ b, ¢~ Bt dy
y
y—-r;h
= [ w@ 1= ety
0
=Fyj(y — tjh, t — h)e™™"
and
N h N
I, = Z/ /\ke_’\kT Z Pkm/
k=1 0 m=1 S’

Foj(y =¥ — a7, h — Twie(y, t — h) dy.
Consider the first order expansion of F;;(y, t) — I,
Fij(y’ t) - Il =Fij(y7 t) - Fij(y - rjh7 t- h)e_/\jh

= Fo(y, 6 = b Py, t =)
OF;;(y,t—h
+ ___](—y__) r}—' + . .:|

oy
L= Akt ]
lim Fij(y,t)— I - im Fij(y, t) = Fij(y, t—h)
h—0 h h—0 h
OF;;(y, t
_9F;(y,t)  9Fy(y. t) r
ot Jdy J
+ X Fi(y, t)
I N N
. 2 ~ ~ ~
fim =30 M 3 P /y Fons(y — 9 O)wis(§, 1) d5
N y
= Z Ak Prj / wi(¥, t) dy
k=1 0
N
= Z A PriFin(y, t)
k=1

In deriving the above expression, we have used the fact that
P
Frnj(y = 5,0) = [ ] Uwp — 4p) ms-
p=1

Now, from the equality

Fii(y, t)—- 1 — lim I

P11,1—>InO h h—0 h
We get
0F;;(y, t) OF;;(y,t) r
_ T \Fi(y, t
Bt oy N~ NF
N
+ z MePrj Fir(y, 1)
k=1

In the matrix form we obtain,

OF(y,t) <= OF(y,t) .,
—— = 2:,1 oy it P DA - 1T]

where A = diag {\; - - - Ax }. Since Q = A[P—1I], the theorem
follows. 0
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