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Abstract: In a cellular flexible manufacturing system, a majority of the part types manufactured by the
system require machining in a single cell only. However, a few part types (called rare parts) need
processing in two or more cells. It is precisely the intercell movement of these rare parts that leads to
weak interaction among the otherwise independent cells. We show how this structure can be exploited to
achieve significant computational savings in the performance evaluatiion of the cellular flexible manufac-
turing systems by using product form closed queueing network models and generalised stochastic Petri
net models. In product form closed queueing network models, the performance measures of individual
cells are computed first, and then the system performance measures are obtained from the performance
measures of the cells, suitably accounting for cell interactions. In generalised stochastic Petri net models,
the structure of the system enables us to apply the techniques of near-complete decomposability to the
the underlying continuous-time Markov chain. The state aggregation in the Markov chain is based on
identifying the fast and slow transitions corresponding to intra-cell and inter-cell workpiece movements,
respectively. This decomposition leads to a significant reduction in the state space of the Markov chain to
be analysed. We also present a comparison of the computational requirements of the analysis using
decomposition approach and the exact analysis.

Keywords: Cellular manufacturing, flexible manufacturing, performance evaluation, decomposition meth-
ods

1. Introduction handling and waiting, relative to the actual ma-

chining time of a part. This is achieved by organ-

A Flexible Manufacturing System (FMS) is a
highly automated manufacturing system well
suited for the simultaneous production of a wide
variety of part types in low- to mid-volume quan-
tities at a low cost while maintaining a high
quality on the finished products. An approach to
the implementation of FMSs, which has attracted
much attention and has gained wide acceptability,
is the technique of Group Technology (GT),
(5,11,26), which leads to configuring FMSs as
Cellular FMSs (CFMSs), or simply Cellular Man-
ufacturing Systems (CMSs). Group technology fo-
cusses on cutting down the proportion of time
spent on non-productive activities like material

ising the manufacturing system as follows. Part
types which have similar processing requirements
are identified and grouped together into part
families. The part types in each familiy are char-
acterised by similarities in design and manufac-
ture. This similarity is translated into manufactur-
ing efficiency by arranging the workcentres re-
quired for production of the part family into a
group of machines called a cell to facilitate
smooth and efficient work flow.

In this paper, we formulate and solve the
performance evaluation problem of a CMS under
the following assumptions:

1. The various part types manufactured by the
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CMS belong to exactly one of two categories of
part families: local and rare. A local part family
is characterised by the fact that each of its mem-
ber part types (called a local part) needs to
undergo processing only on the machines in the
corresponding machine cell. In contrast, a rare
part family is one whose members (called rare
parts) have to undergo machining on workcentres
located in more than one cell. Ideally, in a CMS
there should be no rare parts; however, due to
the constraints in the available number of certain
machine centres, inter-cell moves of the rare parts
become unavoidable since it may not be possible
to dedicate all the machines required by each
part family [14].

2. For each machine (respectively, cell), the
work content (defined, for an individual machine,
as the product of the number of workpieces and
the machining time per workpiece; for a cell, it is
the sum of the workcontents of each part at each
machine in the cell where it is processed) of a
rare part type (respectively, rare part family) us-
ing that machine (respectively, cell) is far smaller
than the work content of a local part type (re-
spectively, local part family) processed at that
machine (respectively, cell).

3. Within a cell, a part type, whether local or
rare, undergoes processing on almost all of its
machine centres.

4. Owing to the overwhelming majority of lo-
cal-type workpieces over rare-type workpieces,
within cell (i.e., intra-cell) part movements are far
more frequent than inter-cell part moves out of a
cell. The interaction among various cells is caused
only due to the inter-cell movement of the rare
part types; otherwise, the system can be treated
as a collection of isolated, completely indepen-
dent cells.

We consider closed models of the CMS, i.e.,
the number of workpieces of each part type is
fixed (this number is called the population of the
part type). This assumption models the availabil-
ity of a limited number of fixtures for each part
type. The processing time of part types is as-
sumed to be exponentially distributed. Each part
type is routed probabilistically among the ma-
chines it requires for processing. The routing of a
part type is given by an irreducible, discrete state
Markov chain whose states are the machines used
by the part type. We are interested in obtaining
the steady-state average values of the perfor-

mance measures of throughput, utilisation, queue
length, and waiting time for each part type at each
machine where it is processed. Material handling
is not considered explicitly; a material handling
equipment can be modelled as ‘machine’, with
the processing time representing the actual part
move time.

The rest of the paper is devoted to developing
efficient performance evaluation methodologies
for CMSs using Product-Form Closed Queueing
Network (PF-CQN) models and Generalised
Stochastic Petri Net (GSPN) models. The analysis
is based on the near-complete decomposability of
the system. The CMS is separated into individual
cells, which are analysed individually. The perfor-
mance measures of individual cells are merged,
suitably accounting for the interaction due to rare
part movement, to give the system performance
measures. It is shown that analysing individual
cells one by one and then combining their results,
rather than analysing the entire CMS in one step,
offers significant computational savings, with lit-
tle loss of accuracy. The results produced by the
PF-CQN analysis are exact, within the scope of
the product form assumptions; the results of the
GSPN analysis are an excellent approximation,
with almost negligible error. We illustrate the
methodologies, and highlight the computational
savings obtained by the decomposition approach,
with an example.

2. Notation

2.1. Part families and machines cells

Consider a CMS consisting of M machines,
which are grouped together into C different cells,
and manufacturing K different part types. Let
#, be the set of machines inthecell ¢, 1 <c < C;
let % denote the local part family to which cell
c is assigned, and #Z_ denote the set of rare parts
that undergo processing in cell ¢. We assume that
for each cell ¢, #Z. # #; otherwise, the cell ¢ with
. =1 is obviously independent of the rest of the
system, and can be exactly analysed in isolation.
Let #=US_ %, be the set of rare parts and
Z=US_ | Z be the set of local parts. From the
discussion on local and rare parts in the previous
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section, the following relations must be satisfied
by the sets of local and rare parts:

® The set of rare and local parts together
must form the set of part types manufactured in
the CMS: #u# =11, 2,...,K}.

® Each of the local part families is disjoint
with the set of rare parts: # N7, = for each
cell ¢, I <c<C.

® The local part families corresponding to any
two different cells ¢, and ¢, do not have any
common part types: ..’i’(,l ﬂ_%l =@, for Cy#* Cy,
i.e., the local part families are pairwise disjoint.

2.2. Population vectors

Let N,>1 be the population (number of
workpieces in the closed model) of part type k,
1 <k < K. The K-dimensional vector N =
(N,, Ny, ..., Ny) is called the population vector
of the CMS. For the cell ¢, let .#, be the
(1 Z. |+ £, )-dimensional population vector for
those parts that undergo machining in this cell.
We can write the population vector .+ of a cell ¢
as the concatenation of two row vectors .#; and
A, ,, where .7, is the |2 |-dimensional row
vector whose components are the populations of
the local parts of cell ¢, and .7, is an | %, |-di-

mensional row vector whose components are the
populations of the rare parts visiting cell c.

2.3. Part routing

Let

® 7, denote the set of machines on which
part j (1 <j < K) undergoes processing,

® 7 denote the set of part types that require
machine i (1 <i<M).

The probabilistic routing of part j among the
machines in 2 is given by an irreducible, dis-
crete-time Markov chain whose states represent
the machines contained in 2. If p/, denotes
the probability that a workpiece of part type j
moves to machine i, €2, after completion of
processing on machine i, € 2}, then the transi-
tion probability matrix of the routing Markov
chain is an | 2} |-by-| 2} | stochastic matrix with
the p/,’s as entries. Let the |2 |-dimensional
vector v; be the steady-state probability vector of
this Markov chain; the value v;; where i € 2 is
called the wvisit ratio of part j at machine 1.

Let 7,; denote the mean of the exponentially
distributed processing time of part j at machine ;.
The traffic intensity of part j at machine i is
defined as p, ,;=v;; X7, ;.

3. Decomposition of closed product form queue-
ing network models of CMSs

Product form queueing networks [3] are a spe-
cial class of queueing networks which can ele-
gantly model system features like contention for
resources, waiting, simultaneous presence of mul-
tiple part types and probabilistic routing, and are
analytically tractable. They have been successfuily
used for performance modelling of FMSs, {7,22]
despite the fact that certain simplifying assump-
tions (called product form assumptions) have to
be made. A PF-CQN can be algebraically solved
for system performance measures by means of
computational algorithms like the Convolution
Algorithm developed by Buzen [6] and Reiser and
Kobayashi [20], the Mean Value Analysis (MVA)
algorithm [21] of Reiser and Lavenberg, or the
Recursion by Chain Algorithm (RECAL) [8] of
Conway and Georganas. In this section, we de-
velop efficient performance evaluation method-
ologies for PF-CQN models of CMSs using the
convolution and MVA algorithms. We assume
that each machine works under a First-Come-
First-Served (FCFS) policy. Under the product
form assumptions, it is required that at a particu-
lar machine (say, i), the different part types must
have identical, exponentially distributed process-
ing times, i.e., 7, ; is the same for all part types j
processed at machine 7; let 7, ; =17,

!

3.1. Convolution algorithm

The convolution algorithm [6,20] is based on
the computation of an array of elements called
normalisation constants of the PF-CON model of
the CMS. If G denotes the normalisation con-
stant, the array index is a K-dimensional vector
whose range is givenby 0 <n <N, ie.,0<n; <N,
for each part type j. The performance measures
are determined in terms of the computed values
in the G-array. The entry G(n) denotes the nor-
malisation constant when the population vector is
n; G(N) gives the normalisation constant of the
system. We summarize below those aspects of the
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unmodified (i.e., sequential) version of the convo-
lution algorithm necessary for applying the effi-
cient Tree Convolution Algorithm [16] to CMSs.

3.1.1. Unmodified convolution algorithm

The normalisation constant G(N) is computed
by the convolution algorithm from the relation
[16]:

G(N)=(p,®p,® -~ ®py)(N)

where p,(n) is the normalisation constant of the
system consisting of machine i alone, with popu-
lation vector n, and ® denotes the convolution
operator.

The G-value of the single-machine system of
machine / is given by [3]:

h=n, j=K pf'}f
pi(n)=]11 xn!x [T =
o a=1 pi(h) ! j=1 ni,j!

where n,=L n,,, (n,; being the number of
type-j workpieces at machine i) and p,(#) is the
service rate at machine / when a total of h
workpieces are waiting /being served at machine
i.

The convolution operator is associative and
commutative. If a nonempty subset & of the set
of machines is partitioned into two nonempty
subsets . and 4, then the g terms of the subnet
2 can be evaluated from those of & and 4,
using the definition of the convolution operator,
as [3]:

fo(m) = ¥ gulm)Tga(n=n). (1)

The sequential convolution algorithm [6,20]
performs the convolution operations according to
the order of the serial numbers of the machines,
by the relation

G(N)=(""((P1®p;) ®p3)® -~ ®py)(N).
(2)

The computational requirements for comput-
ing the value of G(N) are [20]: (i) storage require-
ment: T (N, + 1), treating the storage for a
floating point number as one unit; (ii) operations:
M x K X TTX (N, + 1) operations, considering the
combination of a floating point multiplication and
a floating point addition as one operation. Clearly,
these values are exponential in the number of

part types. The computational requirements are
excessive even for moderately sized systems.
These requirements arise since the convolution
algorithm allows for the possibility that each part
type may use all of the machines in the system.

3.1.2. Tree convolution algorithm: Basic concepts

Since the computation of the system normali-
sation constant G(N) is the key to solving the
CQN model by the convolution algorithm, we
shall concentrate on methods for its efficient
computation. As the number of local-type work-
pieces is far higher than the number of rare-type
workpieces, a typical workpiece is very likely to
be of local type and will be processed only at
those machines belonging to its corresponding
cell (and does not require processing on the rest
of the machines in the system), i.e., we have a
sparsity in routing. Conversely, at each machine
only a subset of the total number of part types
produced by the CMS undergo processing (i.c.,
those belonging to the local part family, and the
set of rare parts using the cell in which the
machine is located). As inter-cell part routing (of
rare parts, to machines in other cells) is far less
frequent than intra-cell part movement, we also
have a locality in part routing, meaning that part
routing is most frequently confined to an easily
distinguishable subset of machines. These two
features are used to reduce the computational
requirements of computing the normalisation
constant G. The tree convolution algorithm [16]
developed by Lam and Lien for analysing PF-
CQNs with many sparse, localised routing chains
provides a formal framework for exploiting the
structure of the CMS to efficiently compute the
normalisation constant. The concept of decompo-
sition of product form queueing networks has
been recently generalised by Conway and Geor-
ganas [9].

Consider an arbitrary nonempty subset &/ of
the set of machines and an arbitrary part type j
(1 <j < K). The usage of the set of machines &
by part j is classified into one of the following
categories (we adopt the terminology of [16]):

o If wNZ; =0, that is, part j does not re-
quire processing on any machine in the set &, we
say that part j is noncovered by . For example,
parts not undergoing machining on any of the
machines of cell ¢ are noncovered by .#.. The
traffic intensity terms for part j with respect to
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the machines i €4, will be zero. It is not neces-
sary to compute G-terms for cell ¢ for those
values of the population vector (say, n_.) where
the number of a noncovered part type is other
than zero (i.e., n.;> 0). Hence, we need to com-
pute G,(-)-terms only over the index range 0 <
n, g./l/(..(This reduces the computational require-
ments for the evaluation of G(-) terms of cell ¢
by a factor of H,K:ue(y; o AN+ 1.

® When #, C.«7, i.e., all the processing needed
for manufacturing part j can be accomplished
within the set of machines ., part j is said to be
fully covered by . For example, all the part
types that belong to the local part family of a cell
¢ (ie., je£) are fully covered by .. In later
stages of the convolution, involving machines not
present in cell ¢, say i, €.#,, the corresponding
traffic intensity term Pi,.j will be zero. Hence, it is
sufficient to retain, for future computations, those
terms in G, with the population of all the fully
covered par‘ts equal to their respective system
population, ie., if n.=[n_\n_] then it is
enough to retain those G ,(n,)'s where n_, =N, ;.
This represents computational savings by a factor
of I'l;c ,.(N,+ 1) in future steps involving cell c.

o If wN#+§ and 2, ¢, ie., part j re-
quires processing on some machines in the set &/
and also on at least one machine not contained in
&, we say that part j is partially covered by 7.
For example, the rare parts visiting cell ¢ are
partially covered by the set .#.. For such part
types, we need to compute and retain G-terms
over their full population range, i.c., over 0 <n
<N,,.

In a general PF-CQN, no particular pattern is
assumed in the nature of routing. Hence, it is
necessary to apply a (heuristic) procedure called
tree planting [16] to determine any locality and
sparsity in routing and rearrange the order of
convolution to exploit these for an efficient com-
putation. The tree planting procedure builds a
binary tree with each machine centre as a leaf
node. Each internal node corresponds to the sub-
system consisting of all those machines that are
leaf nodes of the subtree rooted at that node; the
root corresponds to the entire system. After ini-
tialising the G-terms at the leaf nodes (systems of
individual machines), a post-order traversal of the
tree is carried out starting from the root. At each
internal node, the G-arrays corresponding to the
left and right children are convolved to obtain the

¢

G-value of the subnet formed by the two chil-
dren. The root node will give the G-values of the
entire system. The tree planting step is crucial
since it attempts to determine an ordering of
computations, using the locality and sparsity in
part routing, that minimises the overall computa-
tional requirements for calculating G(N).

3.1.3. Application of the tree convolution algo-
rithm to CMSs

In the CMS case, we already have a classifica-
tion of parts into local and rare types, based on
their routing, which is directly applicable in the
tree planting procedure. If part routing within a
subset of nodes shows no locality or sparsity, as in
the case of part routing within a cell, it is known
[16] that the tree convolution does not offer any
advantage over sequential convolution. Hence the
G(-)-terms of cells can be evaluated by sequential
convolution. No tree planting procedure is re-
quired for individual cells. If we first compute the
G(-)-terms for each of the cells individually, and
then combine these G-terms, we can obtain sig-
nificant computational savings: the computation
of the G(-)-terms of a cell will involve only those
parts that use the cell. The convolution of the G
terms of two cells (or two disjoint subsets of cells)
will involve only those rare parts using either.

The computations for the G(N)-value may be
reordered as

G(N)=(G,8G,® - ®8G.)(N) (3)

where the term G(N) denoting the normalisa-
tion constant of the subsystem corresponding to
cell ¢ is evaluated using

G(.( N) :P,,yl ®pm‘i ® - ®p'n‘1.—’(\ (4)

where the set of machines in cell ¢ is # =
{mf{, my,... m{ 4}

However, the process of combining the g(-)-
terms of individual cells to obtain the system
normalisation constant can be rendered efficient
by the tree convolution algorithm (heuristic meth-
ods of tree planting are discussed in {16]). We
treat the cells as leaf nodes, and consider only
rare part types. Consider the convolution of the
G-terms of two nonempty, disjoint subnets ./
and %, producing a new subnet & as their
union; ./ and % may each represent one or
more (disjoint) subsets of cells. Assume that in
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each subnet we retain only those G-terms in-
dexed by the corresponding partially covered part
types. The calculation of G, terms will involve
population indices of (only) those part types that
are partially covered by either & or 4, i.e., we
will compute G (ng) terms over 0 <n, <N,
where n, has an index for each jeo,Ua,,
where o, denotes the set of parts partially cov-
ered by subnet .

o If a part type j is partially covered by both
& and &, but is fully covered by &, then we
need to retain G, terms only for index value
ng ;= N, and this information may be implicitly
represented in future computations. This gives a
computational saving by a factor of N, in future
computations involving 2.

o If a part type is partially covered by &, we
have to compute and retain terms over its full
population range. Parts noncovered by £ have
an implicit index of 0.

® The effect of part types fully covered by
either of these subnets is already summarised in
their respective G-terms.

The tree convolution algorithm for cellular
FMSs for the computation of G{N) may be sum-
marised as follows:

1. Tree planting. Considering only the set of
rare parts, and treating the cells as leaf nodes,
determine (heuristically) the binary tree which
minimises the computational requirements.

2. Tree traversal. Starting from the root node
of the binary tree, carry out a post-order traver-
sal.

e If the node is a leaf node, it corresponds to
some cell ¢, 1 <c¢ < C. Compute the G-terms for
the cell using sequential convolution, and retain
the terms over the full population range of rare
parts %, corresponding to the full population of
the local parts .Z..

® If the node is an internal node, merge the
G-terms of the two children by the convolution
operator, as explained in the previous para-
graphs; we retain G-terms only for those part
types partially covered by this internal node.

3. The root node will give the normalisation
constant G(N) for the entire system.

3.1.4. Example

The application of tree convolution to CMSs is
illustrated through an example. Consider a cellu-
lar manufacturing system containing three cells

Cell 1 Cell 2

Parts {8,9
Mach 1 Mach 2 Mach 3 Mach 4

L/ [

Parts {1,2,8,9} Parts {3,4.8,9}

// Par 4}

Mach 5 Mach 6
Cell 3 I:’:::[]

Parts {5,6,7,9}

Part {9}

Figure 1. Example cellular FMS

(Figure 1). Each cell contains two machines. The
system manufactures nine part types. The details
about the machines, local parts and rare parts of
each cell are given in Table 1. Table 2 gives the
population of each part type, Table 3 gives the
mean processing time at each machine and Table
4 gives the visit ratios of each part type at each of
the machines on which it is processed. The data
used in this example is of illustrative nature.

With the given populations, the space require-
ment of the sequential algorithm is 15.52 X 10°
and the operations count is 838.3 X 106, for the
evaluation of G(N). Let us consider the tree
convolution algorithm.

1. Tree planting. Treating the three cells as
leaf nodes, and considering the rare part types 8
and 9 only, we determine a binary tree that
minimises the computational requirements during
the merging of the G-terms of the cells. In our
example, part 8 is fully covered by cells 1 and 2;
hence cells 1 and 2 are merged first, and then the
subnet {1,2} of cells is merged with the subnet {3},
consisting of cell 3. The corresponding binary

Table 1

Description of the example cellular FMS

Cell, ¢ A, . £,

1 {1,2} {1,2} {8,9}
2 (3,4} 3, 4} (8,9}
3 {5, 6} {5,6,7} 9
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Root (Entire Cellular FMS)
5

Cells {1,2}

Cell 3

Cell 1 Cell 2

Figure 2. The binary tree used by the tree CQN and tree
MVA algorithms

tree is shown in Figure 2. The number beside
each node gives the sequence number with which
that node is considered for computations during
post-order traversal.

2. Tree traversal. Starting from the root of the
binary tree, we carry out a post-order traversal.

Computations at a leaf node. Consider the node
labeled 1, representing the cell 1. Local parts 1
and 2 are fully covered, and rare parts 8 and 9
are partially covered. We compute, using the
sequential algorithm, the G-terms of cell 1 over
the corresponding population range, viz.,
G (n,, n,, ng, ny), where 0 <n, <N(=10), 0<
ny, <Ny (=10), 0<ng<N(=2), 0<ny<NS(=
1). The indices for parts 3 through 7, which do
not undergo processing on any of the machines in
cell 1, are implicitly zero in the G,(-)-array. The
computation of the G(+) needs I'l;c ., ,(N,; +
1) storage units, i.e., 594 storage locations; the
operations count is 4752. After computing the
G (-)-array, we need to retain only the portion
for the population range of the rare parts 8§ and
9, with the index of the local parts 1 and 2 equal
to their system population, i.e., we retain G(-)
terms corresponding to 1, = N, and n, = N, over
the range 0 <ng <N, 0<ny< N, Hence, the

Table 2
Populations of the parts
Part
1 2 3 4 5 6 7 8 9

Population 10 8 10 10 5 5 5 2 1
Table 3
Mean processing times

Machine, i

1 2 3 4 5 6
7; 20.0 10.0 15.0 8.0 20.0 25.0
Table 4
Visit ratios
Part Machine
type 1 2 3 4 5 6
1 0.4 0.6 - - - -
2 0.55 0.45 - - - -
3 - - 0.3 0.7 - -
4 - - 0.65 0.35 - -
5 - - - - 0.5 0.5
6 - - - - 0.5 0.5
7 _ - - - 0.6 0.4
8 0.25 0.25 0.25 0.25 - -
9 0.1 0.1 0.1 0.1 0.2 0.4




294 R. Ram, N. Viswanadham / Cellular flexible manufacturing systems

Table 5

Tree CQN method: Machine utilisation for each part type

Part Machine

type 1 2 3 4 5 6

1 0.5082 0.3811 - - - -

2 0.4253 0.1739 - - - -

3 - - 0.4392 0.5466 - -

4 - - 0.5108 0.1467 - -

5 - - - - 0.2599 0.3249
6 - - - - 0.2599 0.3249
7 - - - - 0.3374 0.2812
8 0.0566 0.0282 0.0424 0.0226 - -

9 0.00992 0.00496 0.00744 0.00396 0.0198 0.0496

portion of the G,(-) to be retained for further
computations requires only 6 storage units. Anal-
ogous computations are carried out at node 2 (for
cell 2) and at node 4 (for cell 3).

Computations at an internal node. Consider
node 3, (say, subnet @) of the binary tree, corre-
sponding to merging the G-terms of cell 1 and
cell 2; node 3 represents the union {1,2,3,4} of the
two disjoint subsets of machines, {1,2} of cell 1,
and {3,4) of cell 2. We compute G(-)-terms
using the convolution operator (see (1)):

Ny=Na g N9g=Ngy

Z Z G(ng, ny)

ny=0 ny=0

G (ngg, Nyy) =

X Gy(ng g —ng, Ny g—ng).

Note that part type 8 is fully covered by subset
9, while part 9 is still partially covered. Hence
g.,(-)-terms need to be computed only for n,, ; =
N,, whereas for part 9 they need to be computed
for its full population range. This needs (N; +
XN, + 1XN, + 2) /2 operations, or, 9 operations

and 2 storage locations. Part types 1, 2, 3 and 4
are fully covered by the children of node 4, and
hence they do not explicitly enter computations
at this node.

3. Computation of G(N). At the root node we
compute the value of the normalisation constant
of the system using the convolution operator on
the precomputed values of nodes 3 and 4. (Part 9
is the only part type partially covered at nodes 3
and 4, which becomes fully covered at node 5).

Ny
G(N) =Gs(Ny) = X G3(n9) X Gy( Ny —ny).

ny=0

This step needs 2 operations, and 1 unit of stor-
age.

As an illustration of the performance mea-
sures obtained from the tree convolution algo-
rithm, we present in Table 5 the utilisations of
each of the machines by the 9 part types pro-
duced by the CMS, and in Table 6, the corre-
sponding mean queue lengths.

Table 6

Tree CQN method: Mean queue lengths

Part Machine

type 1 2 3 4 5 6

1 9.101 0.899 - - - -

2 7.571 0.429 - - - -

3 - - 8.345 1.655 - -

4 - - 9.497 0.503 - -

S - - - - 1.612 3.388
6 - - - - 1.612 3.388
7 - - - - 1.936 3.064
8 1.037 0.0685 0.821 0.0739 - -

9 0.1855 0.012 0.1462 0.0129 0.1334 0.5099
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Table 7
Comparison of computation requirements: Sequential vs. tree
convolution

Evaluation of G(N)

Sequential Tree

convolution convolution
Space 15.52x10° 1755
Operations 838.34 < 10° 14027

If we use static storage allocation [16], retain-
ing all the required storage throughout the com-
putation of G(N), we need a total of about 4500
storage locations and about 30000 operations
only; these figures compare very favourably with
the requirements of the unmodified sequential
algorithm; see Table 7.

3.2. Tree mean-value analysis algorithm

The major difficulties encountered in imple-
menting unmodified convolution algorithms, viz.,
the high possibility of numerical overflow or nu-
merical underflow, and the complicated program-
ming required to compute the performance mea-
sures as functions of the normalisation constant
[21], are present in tree convolution also. Al-
though initial scaling and dynamic scaling [15]
may be used to alleviate the numerical difficul-
ties, they do not remove the possibility of numeri-
cal overflows. The Mean-Value Analysis (MVA)
algorithm [21] developed by Reiser and Laven-
berg directly computes the performance measures
in a closed product form CQN, avoids the numer-
ical difficulties encountered in convolution, and is
easy to implement. The space requirement of
MVA is M x l_ljff{((Nj + 1) storage units and the

operations count is M X K X TT/Zf(N, + 1), which

are of the same order as those of convolution;

Table 8
Comparison of computational requirements: Unmodified vs.
tree MVA

Evaluation of all performance measures

Sequential Tree

MVA convolution
Space 93.15x 10° 4500
Operations 1676.7 x 10° 30000

hence MVA suffers from the difficulty of exces-
sive computational requirements in the same way
as convolution. The tree version of the MVA
algorithm [12,23], analogous to tree convolution,
can be used for performance evaluation of cellu-
lar FMSs with significant computational savings
as in tree convolution.

The tree MV A algorithm uses the same overall
scheme of computations as tree convolution. The
concept of partial, full or noncoverage of a part
type by a subset of machines is identical. It uses
the same tree planting method and the tree
traversal process. The array indices over which
terms are computed and retained are identical.
The main difference between the two is that tree
MVA directly computes arrays of performance
measures (like throughput of part type, or the
waiting time of a part type), instead of the G-
arrays of tree convolution; at an internal node,
the MVA merge operator [12] is used to merge
the arrays of the two child nodes, instead of the
convolution operator; at leaf nodes of the binary
tree (which indicate cells), the unmodified ver-
sion of MVA is used to initialise the relevant
arrays of performance measures. The application
of tree MVA achieves computational reductions
of the same magnitude as are achieved by apply-
ing the tree version to convolution. We outline
below the tree MVA algorithm as applied to
cellular FMSs. The derivation and physical inter-
pretation of the underlying mathematics appear
in [23] and [12].

1. Tree planting. Same as in tree convolution.

2. Tree traversal. We use the same post-order
method of traversal of the binary tree.

® At a leaf node, corresponding to a cell ¢, we
calculate the desired performance measures
(throughput and queue length) for each part us-
ing the cell at each machine in cell ¢, over the
range of indices 0 <n. < N.. Terms are retained
over the population range of the rare parts, with
the corresponding index for local parts equal to
their system population.

® At an internal node the performance mea-
sures of the child nodes are combined by the
MVA merge operator to give the performance
measures of the system formed by the union of
the systems corresponding to the child nodes.

3. At the root node, we obtain the desired
system performance measures by combining the
results of the two children.
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We outline below the application of tree MVA
to the cellular FMS example described in the
previous subsection.

® We use the same binary tree as in tree
convolution, see Figure 2.

® The tree traversal is the same as in convolu-
tion, post-order traversal starting from the root
node.

1. At node 1, representing cell 1, we compute
the throughput of each of the parts 1, 2, 8 and 9
in the subnet of machines {1,2}, and the mean
queue lengths of each of these parts at each of
the machines in the cell, over the population
range of the rare part types 8 and 9, correspond-
ing to the full population of the local part types 1
and 2. Analogous computations are carried out
for cells 2 and 3.

2. At an internal node, say node 3 represent-
ing the merging of cells 1 and 2 (forming the
subnet of machines {1,2,3,4}), we apply the MVA
merge operator. Since part 8 becomes fully cov-
ered by this subnet, we retain terms for the full
population range of rare part 9, corresponding to
the full population of part 8, for future computa-
tions.

® All system performance measures are ob-
tained at the root node.

4. Decomposition of generalised stochastic Petri
net models of CMSs

4.1. Generalised stochastic Petri nets

Petri nets are a formalism for the modelling
and analysis of systems possessing concurrency,
synchronisation, and asynchronous activities. We
shall restrict ourselves to an informal description
of Petri nets here; for a formal definition, exten-
sions, and applications, see [19]. A Petri Net (PN)
is a directed, bi-partite graph, consisting of two
types of nodes, called places (drawn as circles)
and transitions (drawn as bars). An input arc
(respectively, output arc) is a directed arc from a
place (transition) to a transition (place). Places
represent conditions and transitions represent ac-
tivities. Tokens (drawn as dots) in a place repre-
sent the truth value of a condition. A marking of
a PN gives the number of tokens in each of its
places. A transition is said to be enabled to fire in
a given marking, if each place connected to this

transition by an input arc contains at least one
token. The firing of a transition removes a token
from each place connected to it by an input arc
and deposits one token in each place connected
by an output arc, leading to a new marking. An
initial marking (or, state) specifies the starting
state of the PN; the reachability set of the PN
markings is the set of all markings (states) that
are obtainable by firing zero or more transitions
starting from the initial marking.

Generalised Stochastic Petri Nets (GSPNs) are
an important class of Petri nets, introduced by
Ajmone Marsan et al. [1]. In a GSPN, a stochastic
(exponential) duration is associated with the fir-
ing of certain transitions, called timed transitions
(drawn as thick bars); the rest of the transitions
fire instantaneously without any time delay, and
are referred to as immediate transitions (drawn
as thin bars). A timed transition represents a
time-consuming activity, €.g., processing a work-
piece or moving a workpiece, and an immediate
transition represents nontime-consuming instan-
taneous decisions, e.g., deciding the next machine
in the routing of a workpiece. A marking of a
GSPN where no immediate transitions are en-
abled is called a tangible marking; a marking
where at least one immediate transition is en-
abled is called a vanishing marking. It has been
shown that a GSPN can be converted to and
analysed as an underlying continuous-time
Markov chain [1]. GSPNs have been succesfully
used to model various kinds of systems like multi-
processor systems [1] and flexible manufacturing
systems [25]. The reachability set of a GSPN must
be finite if it is to be analysed as a CTMC.

4.2. GSPN model of cellular FMSs

The GSPN model of the cellular FMS is the
combination of the models of each of the cells;
the GSPN model of a cell is in turn a combina-
tion of the model of each of the machines in the
cell. The transitions corresponding to part move-
ment forms the link between models of the ma-
chines; the cells are connected by the transitions
corresponding to the inter-cell movement of the
rare parts.

The GSPN model of the machine i (1 <i <M)
appears in Figure 3. A token in the place
PMACHINE, indicates that the machine is free.
Tokens in the place PWAIT, ; where j € %; indi-
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Figure 3. GSPN model of machine /

cate the number of parts of type j waiting to be
processed on this machine. The machine cannot
remain idle when workpieces are waiting. When
the machine becomes free, it chooses a workpiece
among the waiting part types with a probability
proportional to the number of waiting workpieces
of that type; this choice is represented by the
immediate transitions TCHOICE, ;. When en-
abled, the probability of firing of the transition
TCHOICE, ; is given by Prob[TCHOICE, ] =
#(PWAIT, )/ L, c , #(PWAIT, ;), where
#(PLACE) gives the number of tokens in the
place PLACE. The firing of the transition
TCHOICE, ; deposits a token in the place
PROCESS, ;; at this stage only the timed transi-
tion TPROCESS, ; is enabled in the GSPN model
of machine i. The firing time of the transition
TPROCESS,; ; is exponentially distributed with
mean value 7;; corresponding to the mean pro-
cessing time of a workpiece of type j on machine
i. When the transition TPROCESS,; ; fires, a to-
ken is deposited in the place PFINISH, ; indicat-
ing that the processing of a type-j part has been
completed by machine /; the immediate transi-
tions TMOVEMJl corresponding to moving the
type-j workpiece from machine / to machine i,
are enabled. The probability of firing of
TMOVE,,, is p/;, the routing probability for a
part-j transfer from machine i to machine i,. The

reachability set for the GSPN, the set of tangible
states S, and the underlying CTMC are ob-
tained by standard methods [1].

The probabilistic part selection policy followed
here is easily seen to be the Service-in-Random-
Order (SIRO) policy. Under the assumption that
all the part types have identical, exponentially
distributed processing times at a particular ma-
chine, the same product form structure [3] as
described in the previous section (for a system
with all machines operating under FCFS) holds
for a much more general queueing discipline {13,
Chapter 3; 17; 9, Section 2.1.4] FCFS and SIRO
are special cases of this general discipline. The
queueing model and GSPN model will be identi-
cal under this assumption, and will yield the same
results (if the GSPN model is analysed exactly). It
must be noted that in the GSPN model different
part types can have processing times of different
means at machine i, whereas in the queueing
model, product form will be lost, and we have to
use approximate analyses.

4.3. Analysis of the CTMC: State aggregation and
decomposition

The state aggregation of the CTMC is based
on the earlier observation that the frequency of
intra-cell part movement is at least an order of
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magnitude higher than the frequency of intercell
part movement. An aggregate state of the CTMC
is defined as one in which the number of work-
pieces of each rare part type present in each cell
remains fixed. (For a discussion of time scale
aggregation of systems, see the fundamental work
of Courtois [10].)

An aggregate state is uniquely characterised by
a C X | #|-matrix x, where the entry x,; gives
the number of rare parts of type j in cell ¢; x is
referred to as a configuration of the distribution
of the rare parts among the cells. (We can inter-
pret X as a combination of C vectors, one for
each cell, as x = (x|, x,,..., x.), where the vec-
tor x, gives the number each type of rare part
present in cell ¢ in the configuration x). The set
of all such configurations is given by

c=1

C
H= {xIVj €Z, Y x.;=N;Vj, x>0 (5

We define the aggregate state S (x) associ-
ated with the configuration x € H as the set of
those markings in S where the configuration
defined by x holds:

Sp(x) = {s ls€ Sy Ve, Viex,,

Y. [#(PROCESS, )

=
+#(PWAIT, )] =xm.}. (6)

At the fast time scale, corresponding to the
time between intra-cell part moves, we ignore the
inter-cell part moves at the lower time scale; this
is equivalent to breaking down the GSPN model
into individual GSPN models of the cells, by
ignoring the transitions representing inter-cell
part movement. The model of a cell is a much
smaller system than a model of the entire cellular
FMS. The following scheme is used to analyse the
system (a similar framework for state aggregation
and decomposition of queueing networks is dis-
cussed in [4]):

1. Equivalence. The CTMC is converted into
an equivalent, aggregate CTMC whose state space
Sacg corresponds to the set of aggregate states:

Sacc = {ST(X)IXEH}'

The marginal probability of an aggregate state
S(x), x€ H is given by:

Y. Prob[s*]. (7)

s*eS(x)

Prob[S(x)] =

2. Decomposition. Given that the system re-
mains in the configuration x € H, there is no
interaction between the cells due to the absence
of intercell moves. Each cell behaves indepen-
dently under this condition, and the system S,(x)
can be analysed cell by cell. Specifically, an arbi-
trary state s* € S (x) can be written in terms of
its cell-by-cell components, as s* = [s], s3,..., s&].
Since these components are independent of each
other, we can obtain Prob[s* | x] from

Prob[s*|x] = ]EIProb[sjlx]. (8)
c=1

Further, since the component s¥ depends only
on the portion x,., we have

Prob[s}| x| = Prob[ s | x, ]

(8) can be simplified as:

c
Prob[s*|x] = [T Prob[s¥|x.]. (9)
c=1

To maintain the recurrent nature [1] of the
GSPN model of the isolated cells, the following
technical detail needs attention: solving the GSPN
models of the cells in isolation is equivalent to
neglecting the immediate transitions correspond-
ing to the intercell moves of the rare parts. In
each cell (say, cell ¢), we add the probability of
inter-cell move of a rare part (say, part j) from a
machine (say, machine i) in that cell to the prob-
ability of that part being routed back to the same
machine, i.e., p/, is replaced by p/, + L, . , b/, .
Since we have neglected certain transitions, an
error of the order of the maximum degree of
coupling ([10, p. 13])) between the aggregate states
is caused in the computations of the probabilities
of the markings s € §;. The rate of the neglected
transitions being orders of magnitude smaller than
the rates of the transitions within the aggregate
states, the error caused is negligble [10].

3. Marginal probabilities of aggregate states.
The marginal probabilities are obtained by solv-
ing an aggregated CTMC whose state space is the
set of aggregate states. The rates of transitions
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between aggregate states are determined as fol-
lows: a transition occurs from aggregate S(x) to
aggregate S-(y), x, ye H, x+#y, if and only if
configuration y is obtained from configuration x
by the inter-cell movement of a rare part j from a
cell ¢ to another cell d, where j, ¢, d are unique
and ¢ #d. The rate r,5(S(x), S(y)) of this
transition equals the sum of the rates of transi-
tions corresponding to transferring a type-j part
form any i, €(#,N2) to any i, €(L,NZ).
Let S., ;SS(x) denote the set of states in
S1(x) where a type-j part is being processed on
machine {, €4, i.c.,

S.s,;= {515 €8s(x) and (#(PROCESS,, )

=1)}.

The rate r go(S+(x), S1(y)) is given by:

rAGG(ST(x)’ ST(-V))

- ¥ 3 Y. Prob[s.Ix.]

LWE(AND) ie(#N2)SES

1 .
X —Xp/ ;. (10)

Tl'|,/

Cudyg

4.4. Performance measures

A desired performance measure g(i, j) for
part j at a machine i is obtained from

g(i. i)=Y f(s) (11)

seST

where f(-) is an appropriately defined function
on the state space of the underlying CTMC.

In an aggregate state S;(x), a performance
measure g(i, j| x) for part j at machine i, where
i €4, is independent of the status of cells other
than ¢. Thus

g(i,jlx)=g(i, jlx.). (12)

We can modify the function f(-) to f(-]x ) to
reflect the conditioning on the current aggregate
state. The conditioning of the performance mea-
sure on the aggregate state is removed using the
relation

g(i, i)=Y g(i, jlx) X Prob[S(x)]. (13)
xeH

Since the performance measures g(i, j| x) de-
pends only on the number of rare parts in cell ¢,
(from (12)),

® it is sufficient to solve the GSPN model of
each cell ¢ for each different configuration of
rare parts x,. pertaining to this cell only;

e we can further simplify (13) to:

gli, )= %

{x.|xeH}

g(i, jlx.)xProb[S (x.)].

(14)

Here, Prob[S{(x )] is the sum of the marginal
probabilities for those aggregate states S, (x)
where the rare part configuration in cell ¢ is x_,
and it is evaluated by

Prob[S;(x.)] = Y

(yeHly.=x}

Prob[S(y)]. (15)

The function f(-) for obtaining the perfor-
mance measures of interest, viz., utilisation U,

ij°
throughput 7; ;, mean queue length Q, ;> and the

mean waiting time W, ;, for part j at machine i
located in cell ¢, are defined as follows ([25], Sect
2.1):
Utilisation.
£(s.1x,)
_ | Prob[s,[x,] if #(PROCESS, ) =1,
0, otherwise.
(16)
Queue length.
f(sclx,)
= Prob[s.| x|
x [#(PWAIT, ;) + #(PROCESS, ))|. (17)

Throughput .
T,;= —. (18)

Waiting time.

Qi,j
W= . (19)
i
From (13), we find that it is not necessary to
obtain the probabilities of the system state vec-
tors s € §; for evaluating the performance mea-
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sures, or to build the set of entire set of system
states. It is sufficient to obtain the much smaller
set of tangible markings and the transition rate
matrix of the GSPN subnets of individual cells,
and solve for their steady-state probabilities.

4.5. Algorithm for the decomposition analysis of
the GSPN model of a CMS

We outline below the methodology for the
analysis:
® Identify the set H giving the various configura-
tions of rare part distribution among the cells.
® for each x € H do

® for each cell ¢ do

® begin

® if (cell ¢ has not been solved for configura-
tion x_.) then

1. obtain the probabilities Prob[s,|x_ ] of the
states in the GSPN model of cell ¢ under config-
uration x;

2. calculate the values of the performance
measures U ;, Q, ; using the values of Prob[s, | x.]
and (16) and (17), for the configuration x_;

3. obtain the rate of transition r,gq(S(x),
S+(y)from configuration x to another configura-
tion ye H, if y can be reached from x by the
unique inter-cell movement of a rare-type work-
piece (see (10)).

® end
@ Solve the system of aggregate states, using the
transition rates between the aggregate states ob-
tained in the previous step, and obtain the
marginal probabilities.
® Uncondition the dependence of the perfor-
mance measures on the configurations using (14)
and (15)
® Calculate the values of the throughputs and
waiting times from (18) and (19).

4.6. Complexity of the decomposition algorithm

We concentrate on finding the computational
requirements to determine the utilisations and
queue lengths, since the throughputs and waiting
times are obtained easily (from (18) and (19)),
with little additional computation. Since an arbi-
trary part j visits | 2 | machines, we have a total
of @=2xYr |2 | different performance
measures to compute.

4.6.1. Complexity of the exact analysis
The number of states in the GSPN model of
the system (without decomposition) is given by

ISyl = Z | St(x)1, (20)

xeH

since we have to consider all possible interactions
due to part moves. The cardinality of the aggre-
gate state S(x) equals the product of the the
number of markings in the GSPN subnets of each
of the cells in the configuration x € H. The cardi-
nality of the GSPN model of the system, given by
(20), can be very large even for moderately sized
problems like our example cellular FMS (see
Section 4.7). Since the set of tangible markings
forms a CTMC, the steady-state probability for
cach state in S+ can be obtained by solving a set
of |St! linear equations, which requires
O(| $;|) time and O(|S|?) space. Each per-
formance measure requires one operation
(evaluating the function f(-) and applying (11))
on each tangible marking in S. Hence the total
time requirement is O(| Sy | + (2 x | S
Since usually 2 << | §;/, the time requirement is
o[ S 17).

4.6.2. Complexity of the decomposition analysis
The number of different performance mea-
sures, {2, associated with cell ¢ is given by

N.=2x Y

je(F.uz,)

P AEAN

In the analysis by decomposition, we need to
compute and retain these performance measures
for each different configuration of rare parts in
each cell ¢, for use in the aggregation step (cf.
(14)). The space requirement for storing all these
performance measures is ©¢_;4, X 2., where A,
is the cardinality of the set of different configura-
tions for cell ¢.

Although each cell has to be solved individu-
ally in the given configuration of rare parts, the
steady-state probabilities computed for the cell in
the current rare part configuration are no longer
needed once the performance measures are com-
puted. Hence the space required to solve for
these steady-state probabilities may be released
for future computations. The maximum state
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space cardinality of any individual cell is

|SDECOMP'
:MAX1<C<C|SDECOMP,C|
= MAX [MAX, ¢ [{s.1s € S(x)}]

I<egC

where |Specompe ! 18 the maximum state space
requirement of a particular cell. Since usually
Specomp > LS_,4, X 2., and the underlying
CTMC for the GSPN model of a cell can be
solved as a linear system, the space requirement
is O(| Specomp. | 7). In practice, the transition
matrix of the underlying CTMC of the GSPN
model of a cell is sparse; using sparse matrix
representation by dynamic data structures, the
storage space requirement is far smaller than
| SDECOMP,C | 2'

Analogous to the case of exact analysis, the
time requirement to solve a cell ¢ (over all itera-
tions) is O(A,. X | Specomp.c | %), and the total time
requirement of the decomposition algorithm is
7 bECOMP = O(Z‘C.: 14, X | SDECOMP,(' | 3)-

4.7. Example

We outline below the GSPN analysis of the
example cellular FMS (described in Section 2) by
the methodology presented in Section 4.5.

The set of aggregate states for this example is
given by the various configurations of the rare
part types 8 and 9 in the three cells. The aggre-
gate state can be represented by a 2-by-3 matrix,
where the first row corresponds to rare part 8
and the second row corresponds to rare part 9,
and columns 1, 2, 3 correspond to cells 1, 2, 3,
respectively. An entry of the matrix gives the
number of rare parts of the corresponding rare
part in the relevant cell, e.g., the entry in the (1,1)
position gives the number of rare parts of type 8
in cell 1. The set of rare part configurations is:

x_(z 0 0) x=(1 1 0)
! 1 0o o) "2 \1 0o o)
x=(0 2 0) x_(z 0 0)
34t o0 o) T 0 o1 o)
x=(1 1 0) x=(0 2 0)
57\ 1 0) T lo 1 o)
x=(2 0 0) x=(1 1 0)
1o o 1) 8 \o o 1)
x=(0 2 0)

270 0 1)

It is sufficient to analyse the GSPN model cell
for each different configuration of rare parts
found in it; we need not analyse it for every
x € H. As an illustration, for cell 3, the configura-
tions x, through x, are equivalent, since all of
these correspond to a situation where there are
no rare-type parts being processed in cell 3; it
suffices to evalute the performance of cell 3 once
for these six configurations. Such simplifications
are possible since a rare part (in our example,
rare part 8) may not visit all the cells in the
system, a common situation in cellular FMSs.

From the solution of the GSPN subnet of each
cell, we determine:

® The transition rates between the set of ag-
gregate states S,;g(x), using (10). For example,
the transition rate from the aggregate state
Saca(x)) to the aggregate state S gg(x,) corre-
sponds to the rate of inter-cell movement of a
workpiece of rare part type 8 from cell 1 to cell 2.
Other transition rates are obtained analogously.

® The performance measures of interest for
each cell in the given configuration.

The solution of the aggregated CTMC gives
the marginal probabilities of the 9 aggregate
states. When performance measures of interest
are calculated using (14) and (16)-(19), we can
once again take advantage of the equivalence of
certain configurations for a cell. For example, the
utilisation of part 5 at machine 6 of cell 3 can be
computed using (14) as

=9

UTIL,s= ¥ ULil(6, 5] x,) X Prob(Sace( ;).

=1

Since configurations x; through x, are all
equivalent to each other for cell 3, and so are
configurations x, through x,, the above compu-
tation may be simplified to:

i-6
UTIL s = ( Y Prob(Sags( x;)) | x Util(6, 51 x;)
i=1

—+

i=9
Z PrOb(SAGG(xi))
i=7

x Util(6, 51 x;).

Tables 9 and 10 summarise respectively the
utilisations of and mean queue length at the
various machines, for each part type, obtained by
the decomposition analysis of the GSPN model.
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Table 9

GSPN decomposition analysis: Utilisation of the machines

Part Machine

type 1 2 3 4 5 6

1 0.5059 0.3794 - - - -

2 0.4260 0.1743 - - - -

3 - - 0.4367 0.5435 - -

4 - - 0.5148 0.1478 - -

5 - - - - 0.2591 0.3239
6 - - - - 0.2591 0.3239
7 - - - - 0.3364 0.2803
8 0.0574 0.02873 0.0431 0.0229 - -

9 0.0106 0.005307 0.005307 0.005611 0.0212 0.0531

Since this example is exactly solvable as a PF-
CON model (Section 3.1.4), we obtain the error
in the GSPN analysis by comparison with the
results of the queueing analysis. Owing to space
restrictions, we report the error figures only for
the mean queue lengths.

Table 11 summarises the number of states of
the GSPN model of each cell, for each configura-
tion, for both the decomposition analysis and the
exact analysis. The number of states of the analy-
sis not using decomposition is the product of the
number of states for each cell, as indicated by
(20). We see that the maximum state space to be

Table 10

handled by the decomposition analysis is only
6202, far lesser than the nearly 30848 million
states required to be handled in the exact analy-
sis.

5. Conclusion

The main contribution of the paper is the
development of an efficient decomposition-based
analytical performance evaluation methodology
for cellular FMSs using product form CQN mod-
els and GSPN models. Without recourse to de-

GSPN decomposition analysis: Mean queue lengths at each of the machines. The magnitude of error is obtained by comparison

with the PF-CQN result

Part Machine

type 1 2 3 4 5 6

1 9.109 0.891 - - - -
|error| 0.0076 0.0076 - - -

2 7.561 0.439 - - - -
|error| 0.0103 0.0103 - - -

3 - - 8.360 1.64 - -
|error] - - 0.0147 0.0147 - -

4 - - 9.463 0.537 - -
|error | - - 0.0341 0.0341 - -

5 - - - - 1.606 3.394
|error| - - - - 0.598 0.0598
6 - - - - 1.606 3.394
lerror | - - - - 0.0598 0.0598
7 - - - - 1.907 3.093
lerror | - - - - 0.0287 0.0287
8 1.038 0.0677 0.820 0.0742 - -
|error | 0.0013 0.00086 0.00074 0.0026 - -

9 0.194 0.0124 0.1037 0.0179 0.1411 0.5308
|error | 0.0085 0.00044 0.0425 0.00503 0.0077 0.0208
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Table 11
Comparison of the dimensions of the state space of the GSPN
model: Decomposition approach versus exact analysis

Configuration  Number of states

Decomposition approach Exact analysis

cell 1 cell2  cell3

X, 5002 402 1338 2690.46 X 10°
X, 2902 1242 1338 4822.52x10°
x5 998 2201 1338 2939.05x 10°
x, 1771 1242 1338 2943.04%10°
xq 998 3602 1338 4809.84 % 10°
x, 322 6202 1338 2672.04 x 10°
x; 1771 402 3752 2671.21x 10°
Xy 998 1242 3752 4650.66% 10°
X, 322 2201 3752 2659.12x10°
Max. no.
of states
6202 30847.94% 10°

composition, analytical performance evaluation
may not be feasible at all, as was illustrated by
the example considered. The key merit of the
product form analysis is that it is exact; the
GSPN-based analysis can elegantly account for
nonproduct form features and produces very good
approximations. In the GSPN decomposition
method, we also presented a systematic proce-
dure for combining the performance measures of
individual cells into system-wide performance
measures. In both methods, the largest system to
be handled at a time corresponds to a cell only,
which has a state space many orders of magni-
tude smaller than that of the entire system. The
methodologies presented here may be refined
and extended in a number of ways. Possible re-
finements (which are not discussed in this paper
due to size limitations) include the following:

® The use of tree versions of newer computa-
tional algorithms like RECAL [18] whose compu-
tational requirements are polynomial in the given
number of part types, for a given number of
machines, will be very useful for the manufactur-
ing context, where we usually have more part
types than machines.

® An efficient comparative evaluation of alter-
native cellular FMS configurations resulting from
the application of different part-family-grouping /
machine-cell-identification algorithms can be car-
ried out by the methods developed in this paper.

® The methodology presented here can be
adapted to the analysis of cellular FMS layouts,

2
o]
3

by simply modelling the material handling equip-
ment of a cell as a ‘machine’ with suitable operat-
ing characteristics.

® The state space decomposition and aggrega-
tion performed in the GSPN analysis at the
Markov chain level can be rendered more accu-
rate by adapting more sophisticated aggregation /
disaggregation methods (for example, see [24]). It
is also possible to carry out the aggregation at the
GSPN level [2].

® The individual cells can be modelled to a
greater level of detail, e.g., by considering limited
inventory storage area (i.e., limited number of
buffers in each queue, leading to a model with
blocking), equipment (machine, or MHS) failure
and repair, etc. The overall decompostion-aggre-
gation method of computations can follow the
scheme presented here; only the solution
methodology for individual cells have to account
for the additional features. The accuracy of the
decomposition approach, when the solution of
the cells is itself approximate, is an issue to be
investigated.
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