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1 Revenue Equivalence Theorem

In this section, we prove two results that show the revenue equivalence of certain classes of auctions.
The first theorem is a general result that shows the revenue equivalence of two auctions that satisfy
certain conditions. The second result is a more specific result that shows the revenue equivalence of
four different types of auctions (English auction, Dutch auction, first price auction, and second price
auction) in the special context of an auction of a single indivisible item. The proof of the second result
crucially uses the first result.

1.1 Revenue Equivalence of Two Auctions

Assume that y;(0) is the probability of agent i getting the object when the vector of announced types
is 6 = (01,...,0,). The expected payoff to the buyer ¢ with a type profile § = (61,--- ,6,) will be
yi(0)0; + t;(0). The set of allocations is given by

i=1

As earlier, let E(él) = E@_i[yi(éi, 0_;)] be the probability that agent i gets the object conditional to
announcing his type as éi, with the rest of the agents announcing their types truthfully. Similarly,
T;(6;) = Eg_,[t:(0:,6_;)] denotes the expected payment received by agent i conditional to announcing
his type as 6;, with the rest of the agents announcing their types truthfully. Let v_l(él) = E(G}) Then,

Ui(t:) = 7i(6:)0; + :(6:)

denotes the payoff to agent ¢ when all the buying agents announce their types truthfully. We now
state and prove an important proposition.



Theorem 1.1 Consider an auction scenario with:
1. n risk-neutral bidders (buyers) 1,2,--- .n
2. The valuation of bidder i (i =1,--- ,n) is a real interval [0;,0;] C R with 6; < 0;.

3. The valuation of bidder i (i = 1,---,n) is drawn from [0;,0;] with a strictly positive density

¢i(.) > 0. Let ®;(.) be the cumulative distribution function.
4. The bidders’ types are statistically independent.
Suppose that a given pair of Bayesian Nash equilibria of two different auction procedures are such that:

e For every bidder i, for each possible realization of (61,--- ,60,), bidder i has an identical proba-
bility of getting the good in the two auctions.

o Fwvery bidder i has the same expected payoff in the two auctions when his valuation for the object
1s at its lowest possible level.

Then the two auctions generate the same expected revenue to the seller.

Before proving the theorem, we elaborate on the first assumption above, namely risk neutrality. A
bidder is said to be:

e risk-averse if his utility is a concave function of his wealth; that is, an increment in the wealth at
a lower level of wealth leads to an increment in utility that is higher than the increase in utility
due to an identical increment in wealth at a higher level of wealth;

e risk-loving if his utility is a convex function of his wealth; that is, an increment in the wealth at
a lower level of wealth leads to an increment in utility that is lower than the increase in utility
due to an identical increment in wealth at a higher level of wealth; and

o risk-neutral if his utility is a linear function of his wealth; that is, an increment in the wealth
at a lower level of wealth leads to the same increment in the utility as an identical increment
would yield at a higher level of wealth.

Proof: By the revelation principle, it is enough that we investigate two Bayesian incentive compatible
social choice functions in this auction setting. It is enough that we show that two Bayesian incentive
compatible social choice functions having (a) the same allocation functions (y1(0), - ,y,(6)) V0 € ©,
and (b) the same values of Uy(6),--- ,U,(6,) will generate the same expected revenue to the seller.

We first derive an expression for the seller’s expected revenue given any Bayesian incentive com-
patible mechanism. Expected revenue to the seller

- Z Eq[—t:(0)]. (1)

Now, we have:



0;
:/0 [E(HZ)Q - ( )](bz( z)

61' 61’
-/ [w»e—vw_n / ms)ds] 6:(6:)40
o 0

The last step is an implication of Myerson’s characterization of Bayesian incentive compatible functions
in linear environment. The above expression is now equal to

0; 0i
= [/9_ <yz’(9i)9i —/9_1_ yi(s)dS) ¢i(0:)do

Now, applying integration by parts with fe Ui(s)ds as the first function, we get

/9_0 ( /9_0 | %)ds) 64(0:)d0

—U;(6y).

Therefore we get

since
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Therefore the expected revenue of the seller
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By looking at the above expression, we see that any two Bayesian incentive compatible social choice
functions that generate the same functions (y1(f), - - - , y,(6)) and the same values of (U1 (61),- - , Un(6n))
generate the same expected revenue to the seller.



As an application of the above theorem, we now state and prove a revenue equivalence theorem
for a single indivisible item auction. The article by McAfee and McMillan [1] is an excellent reference
for this topic and a part of the discussion in this section is inspired by this article.

1.2 Revenue Equivalence of Four Classical Auctions

There are four basic types of auctions when a single indivisible item is to be sold:

1. English auction: This is also called oral auction, open auction, open cry auction, and ascending
bid auction. Here, the price starts at a low level and is successively raised until only one bidder
remains in the fray. This can be done in several ways: (a) an auctioneer announces prices, (b)
bidders call the bids themselves, or (b) bids are submitted electronically. At any point of time,
each bidder knows the level of the current best bid. The winning bidder pays the latest going
price.

2. Dutch auction: This is also called a descending bid auction. Here, the auctioneer announces an
initial (high) price and then keeps lowering the price iteratively until one of the bidders accepts
the current price. The winner pays the current price.

3. First price sealed bid auction: Recall that in this auction, potential buyers submit sealed
bids and the highest bidder is awarded the item. The winning bidder pays the price that he has
bid.

4. Second price sealed bid auction: This is the classic Vickrey auction. Recall that potential
buyers submit sealed bids and the highest bidder is awarded the item. The winning bidder pays
a price equal to the second highest bid (which is also the highest losing bid).

When a single indivisible item is to be bought or procured, the above four types of auctions can be
used in a reverse way. These are called reverse auctions or procurement auctions. In this section,
we would be discussing the Revenue Equivalence Theorem as it applies to selling. The procurement
version can be analyzed on similar lines.

1.2.1 The Benchmark Model

There are four assumptions underlying the derivation of the Revenue Equivalence Theorem: (1) risk
neutrality of bidders; (2) bidders have independent private values; (3) bidders are symmetric; (4)
payments depend on bids alone. These are described below in more detail.

(1) Risk Neutrality of Bidders
It is assumed in the benchmark model that all the bidders are risk neutral. This immediately implies
that the utility functions are linear.

(2) Independent Private Values Model

In the independent private values model, each bidder knows precisely how much he values the item.
He has no doubt about the true value of the item to him. However, each bidder does not know
anyone else’s valuation of the item. Instead, he perceives any other bidder’s valuation as a draw
from some known probability distribution. Also, each bidder knows that the other bidders and the



seller regard his own valuation as being drawn from some probability distribution. More formally, let
N = {1,2,--- ,n} be the set of bidders. There is a probability distribution ®; from which bidder ¢
draws his valuation v;. Only bidder ¢ observes his own valuation v;, but all other bidders and the
seller know the distribution ®;. Any one bidder’s valuation is statistically independent from any other
bidder’s valuation.

An apt example of this assumption is provided by the auction of an antique in which the bidders
are consumers buying for their own use and not for resale. Another example is government contract
bidding when each bidder knows his own production cost if he wins the contract.

A contrasting model is the common value model. Here, if V' is the unobserved true value of the
item, then the bidders’ perceived values v;,i = 1,2, -- ,n are independent draws from some probability
distribution H (v;|V'). All the bidders know the distribution H. An example is provided by the sale of
an antique that is being bid for by dealers who intend to resell it. The item has one single objective
value, namely its market price. However, no one knows the true value. The bidders, perhaps having
access to different information, have different guesses about how much the item is objectively worth.
Another example is that of the sale of mineral rights to a particular tract of land. The objective value
here is the amount of mineral actually lying beneath the ground. However no one knows its true value.

Suppose a bidder were somehow to learn another bidder’s valuation. If the situation is described
by the common value model, then the above provides useful information about the likely true value
of the item, and the bidder would probably change his own valuation in light of this. If the situation
is described by the independent private values model, the bidder knows his own mind, and learning
about others’ valuations will not cause him to change his own valuation (although he may, for strategic
reasons, change his bid).

Real world auction situations are likely to contain aspects of both the independent private values
model and the common value model. It is assumed in the benchmark model that the independent
private values assumption holds.

(3) Symmetry

This assumption implies that all the bidders have the same set of possible valuations, and further they
draw their valuations using the same probability density ¢. That is, o1 = o = ... = ¢, = ¢.

(4) Dependence of Payments on Bids Alone

It is assumed that the payment to be made by the winner to the auctioneer is a function of bids alone.

Theorem 1.2 (Revenue Equivalence Theorem for Single Indivisible Item Auctions) Consider
a seller or an auctioneer trying to sell a single indivisible item in which n bidders are interested. For

the benchmark model (bidders are risk neutral, bidders have independent private values, bidders are
symmetric, and payments depend only on bids), all the four basic auction types (English auction,
Dutch auction, first price auction, and second price auction) yield the same average revenue to the
seller.

The result looks counter intuitive: For example, it might seem that receiving the highest bid in a
first price sealed bid auction must be better for the seller than receiving the second highest bid, as in
second price auction. However, it is to be noted that bidders act differently in different auction sit-
uations. In particular, they bid more aggressively in a second price auction than in a first price auction.



Proof: The proof proceeds in three parts. In Part 1, we show that the first price auction and the
second price auction yield the same expected revenue in their respective equilibria. In Part 2, we show
that the Dutch auction and the first price auction produce the same outcome. In Part 3, we show
that the English auction and the second price auction yield the same outcome.

Part 1: Revenue Equivalence of First Price Auction and Second Price Auction

The first price auction and the second price auction satisfy the conditions of the theorem on revenue
equivalence of two auctions.

e In both the auctions, the bidder with the highest valuation wins the auction.

e bidders’ valuations are drawn from [6;,6;] and a bidder with valuation at the lower limit of the
interval has a payoff of zero in both the auctions.

Thus the theorem can be applied to the equilibria of the two auctions: Note that in the case of the
first price auction, it is a Bayesian Nash equilibrium while in the case of the second price auction,
it is a weakly dominant strategy equilibrium. In fact, it can be shown in any symmetric auction
setting (where the bidders’ valuations are independently drawn from identical distributions) that the
conditions of the above proposition will be satisfied by any Bayesian Nash equilibrium of the first price
auction and the weakly dominant strategy equilibrium of the second price scaled bid auction.

Part 2: Revenue Equivalence of Dutch Auction and First Price Auction

To see this, consider the situation facing a bidder in these two auctions. In each case, the bidder must
choose how high to bid without knowing the other bidders’ decisions. If he wins, the price he pays
equals his own bid. This result is true irrespective of which of the assumptions in the benchmark
model apply. Note that the equilibrium in the underlying Bayesian game in the two cases here is a
Bayesian Nash equilibrium.

Part 3: Revenue Equivalence of English Auction and Second Price Auction

First we analyze the English auction. Note that a bidder drops out as soon the going price exceeds his
valuation. The second last bidder drops out as soon as the price exceeds his own valuation. This leaves
only one bidder in the fray and he wins the auction. Note that the winning bidder’s valuation is the
highest among all the bidders and he earns some payoff in spite of the monopoly power of the seller.
Only the winning bidder knows how much payoff he receives because only he knows his own valuation.
Suppose the valuations of the n bidders are v(y), v(a), - , V(). Since the bidders are symmetric, these
valuations are draws from the same distribution and without loss of generality, assume that these are
in descending order. The winning bidder gets a payoff of v(1) — v(2).

Next we analyze the second price auction. In the second price auction, the bidder’s choice of bid
determines only whether or not he wins; the amount he pays if he wins is beyond his control. We
have already shown that each bidder’s equilibrium best response strategy is to bid his own valuation
for the item. The payment here is equal to the actual valuation of the bidder with the second highest
valuation. Thus the expected payment and payoff are the same in English auction and the second
price auction. This establishes Part 3 and therefore proves the Revenue Equivalence Theorem.

Note that the outcomes of the English auction and the second price auction satisfy a weakly
dominant strategy equilibrium. That is, each bidder has a well defined best response bid regardless



of how high he believes his rivals will bid. In the second price auction, the weakly dominant strategy
is to bid true valuation. In the English auction, the weakly dominant strategy is to remain in the
bidding process until the price reaches the bidder’s own valuation.

1.2.2 Some Observations
We now make a few important observations.

e The theorem does not imply that the outcomes of the four auction forms are always exactly the
same. They are only equal on average.

— Note that in the English auction or the second price auction, the price exactly equals the
valuation of the bidder with the second highest valuation, v(s). In Dutch auction or the first
price auction, the price is the expectation of the second highest valuation conditional on
the winning bidder’s own valuation. The above two prices will be equal only by accident;
however, they are equal on average.

e Bidding strategy is very simple in the English auction and the second price auction. In the
former, a bidder remains in bidding until the price reaches his valuation. In the latter, he
submits a sealed bid equal to his own valuation.

e On the other hand, the bidding logic is quite complex in the Dutch auction and the first price
auction. Here the bidder bids some amount less than his true valuation. Exactly how much less
depends upon the probability distribution of the other bidders’ valuations and the number of
competing bidders. Finding the Nash equilibrium bid is a non-trivial computational problem.

e The Revenue Equivalence Theorem for the single indivisible item is devoid of empirical predic-
tions about which type of auction will be chosen by the seller in any particular set of circum-
stances. However when the assumptions of the benchmark model are relaxed, particular auction
forms emerge as being superior.

e The variance of revenue is lower in English auction or second price auction than in Dutch auction
first price auction. Hence if the seller were risk averse, he would choose English or second price
rather than Dutch or first price.

For more details on the revenue equivalence theorems, the reader is referred to the papers by Myerson
[2], McAfee and McMillan [1], Klemperer [3], and the books by Milgrom [4] and Krishna [5].
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