Chapter 2
Foundations of Mechanism Design

This chapter forms the first part of the monograph and presents key concepts and results
in mechanism design. The second part of the monograph explores application of mecha-
nism design to contemporary problems in network economics. The chapter comprises 21
sections that can be logically partitioned into four groups. Sections 2.1 through 2.5 con-
stitute Group 1, and they set the stage by describing essential aspects of game theory for
understanding mechanism design. The five sections deal with strategic form games, domi-
nant strategy equilibria, pure strategy Nash equilibria, mixed strategy Nash equilibria, and
Bayesian games. Sections 2.6 through 2.12 constitute the next group of sections, and they
deal with fundamental notions and results of mechanism design. The sections include a de-
scription of the mechanism design environment, social choice functions, implementation
of social choice functions by mechanisms, incentive compatibility and revelation theorem,
properties of social choice functions, the Gibbard—Satterthwaite impossibility theorem, and
the Arrow’s impossibility theorem. Following this, the sections in the third group (Sections
2.13 - 2.20) present useful mechanisms that provide the building blocks for solving mech-
anism design problems. The sections here include: The quasilinear environment, Groves
mechanisms, Clarke mechanisms, examples of VCG mechanisms, the dAGVA mechanism,
Bayesian mechanisms in linear environment, revenue equivalence theorem, and optimal
auctions. Finally, in Section 2.21, we provide a sprinkling of further key topics in mecha-
nism design. The chapter uses a fairly large number of stylized examples of network eco-
nomics situations to illustrate the notions and the results.

2.1 Strategic Form Games

Game theory may be defined as the study of mathematical models of interaction
between rational, intelligent decision makers [1]. The interaction may include both
conflict and cooperation. The theory provides general mathematical techniques for
analyzing situations in which two or more individuals (called players or agents)
make decisions that influence one another’s welfare. There are many categories of
games that have been proposed and discussed in game theory. We introduce here a
class of games called strategic form games or normal form games, which are most
appropriate for the discussions in this monograph. We start with the definition of a
strategic form game.
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14 2 Foundations of Mechanism Design

Definition 2.1 (Strategic Form Game). A strategic form game I" is defined as
a tuple (N, (S:)ien, (4i)ien), where N = {1,2,...,n} is a finite set of players;
S1,82,...,8, are the strategy sets of the players 1,...,n, respectively; and u; :
Sy xSy x---xS, —Rfori=1,2,...,n are mappings called the utility functions or
payoff functions.

The strategies are also called actions or pure strategies. We denote by S, the Carte-
sian product S X S3 X --- x S,,. The set S is the collection of all strategy profiles of
the players. Note that the utility of an agent depends not only on its own strategy
but also on the strategies of the rest of the agents. Every profile of strategies induces
an outcome in the game. A strategic form game is said to be finite if N and all the
strategy sets S1,...,S, are finite.

The idea behind a strategic form game is to capture each agent’s decision problem
of choosing a strategy that will counter the strategies adopted by the other agents.
Each player is faced with this problem and therefore the players can be thought of
as simultaneously choosing their strategies from the respective sets S1, 5> ...,S,. We
can view the play of a strategic game as follows: each player simultaneously writes
down a chosen strategy on a piece of paper and hands it over to a referee who then
computes the outcome and the utilities. Several examples of strategic form games
will be presented in Section 2.1.2.

2.1.1 Key Notions

There are certain key notions underlying game theory. We discuss these notions and
a few related issues.

2.1.1.1 Utilities

Utility theory enables the preferences of the players to be expressed in terms of
payoffs in some utility scale. Utility theory is the science of assigning numbers
to outcomes in a way that reflects the preferences of the players. The theory is an
important contribution of von Neumann and Morgenstern, who stated and proved in
[2] a crucial theorem called the expected utility maximization theorem. This theorem
establishes for any rational decision maker that there must exist a way of assigning
utility numbers to different outcomes in a way that the decision maker would always
choose the option that maximizes his expected utility. This theorem holds under
quite weak assumptions about how a rational decision maker should behave.
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John von Neumann (1903 - 1957) is regarded as one of the fore-
most mathematicians of the 20th century. In particular, he is re-
garded as the founding father of game theory. He was born in Bu-
dapest, Hungary on December 28, 1903. He was a mathematical
genius from early childhood, but interestingly his first major de-
gree was in chemical engineering from the Swiss Federal Institute
of Technology in Zurich. In 1926, he earned a Doctorate in Math-
ematics from the University of Budapest, working with Professor
Leopold Fezer. During 1926 to 1930, he taught in Berlin and Ham-
burg, and from 1930 to 1933, he taught at Princeton University. In
1933, he became the youngest of the six professors of the School of Mathematics at the
Institute of Advanced Study in Princeton. Albert Einstein and Godél were his colleagues at
the center. During his glittering scientific career, von Neumann created several intellectual
currents, two of the major ones being game theory and computer science. The fact that
these two disciplines have converged during the 1990s and 2000s, almost sixty years after
von Neumann brilliantly created them, is a testimony to his visionary genius. In addition
to game theory and computer science, he made stunning contributions to a wide array of
disciplines including set theory, functional analysis, quantum mechanics, ergodic theory,
continuous geometry, numerical analysis, hydrodynamics, and statistics. He is best known
for his minimax theorem, utility theory, von Neumann algebras, von Neumann architecture,
and cellular automata.

In game theory, von Neumann’s first significant contribution was the minimax theorem,
which proves the existence of a randomized saddle point in two player zero sum games.
His collaboration with Oskar Morgenstern at the Center for Advanced Study resulted in the
classic book The Theory of Games and Economic Behavior, which to this day continues
to be an excellent source for early game theory results. This, classic work develops many
fundamental notions of game theory such as utilities, saddle points, coalitional games, bar-
gaining sets, etc.

Von Neumann was associated with the development of the first electronic computer in
the 1940s. He wrote a widely circulated paper entitled the First Draft of a Report on the
EDVAC in which he described a computer architecture (which is now famously called the
von Neumann architecture). He is also credited with the development of the notions of a
computer algorithm and algorithm complexity.

2.1.1.2 Rationality

The first key assumption in game theory is that the players are rational. An agent is
said to be rational if the agent makes decisions consistently in pursuit of its own ob-
jectives. It is assumed that each agent’s objective is to maximize the expected value
of its own payoff measured in some utility scale. The above notion of rationality
(maximization of expected utility) was initially proposed by Bernoulli (1738) and
later formalized by von Neumann and Morgenstern (1944) [2]. A key observation
here would be that self-interest is essentially an implication of rationality.

It is important to note that maximizing expected utility is not necessarily the same
as maximizing expected monetary returns. For example, a given amount of money
may have significant utility to a person desperately in need of the money. The same
amount of money may have much less utility to a person who is already rich. In
general, utility and money are nonlinearly related.
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When there are two or more players, it would be the case that the rational solu-
tion to each player’s decision problem depends on the others’ individual problems
and vice-versa. None of the problems may be solvable without understanding the
solutions of the other problems. When such rational decision makers interact, their
decision problems must be analyzed together, like a system of simultaneous equa-
tions. Game theory, in a natural way, deals with such analysis.

2.1.1.3 Intelligence

Another key notion in game theory is that of intelligence of the players. This notion
connotes that each player in the game knows everything about the game that a game
theorist knows, and the player can make any inferences about the game that a game
theorist can make. In particular, an intelligent player is strategic, that is, would fully
take into account his knowledge or expectation of behavior of other agents in deter-
mining what his best response strategy should be. Each player is assumed to have
enough computational resources to perform the required computations involved in
determining a best response strategy.

Myerson [1] and several other authors provide the following convincing explana-
tion to show that the assumptions of rationality and intelligence are indeed reason-
able. The assumption that all individuals are rational and intelligent may not exactly
be satisfied in a typical real-world situation. However, any theory that is not consis-
tent with the assumptions of rationality and intelligence is fallible for the following
reason: If a theory predicts that some individuals will be systematically deceived
into making mistakes, then such a theory will lose validity when individuals learn
through mistakes to understand the situations better. On the other hand, a theory
based on rationality and intelligence assumptions would be credible.

2.1.1.4 Common Knowledge

The notion of common knowledge is an important implication of intelligence. Au-
mann (1976) [3] defined common knowledge as follows: A fact is common knowl-
edge among the players if every player knows it, every player knows that every
player knows it, and so on. That is, every statement of the form “every player knows
that every player knows that - - - every player knows it” is true ad infinitum. If it hap-
pens that a fact is known to all the players, without the requirement of all players
knowing that all players know it, etc., then such a fact is called mutual knowledge.
In game theory, analysis often requires the assumption of common knowledge to
be true; however, sometimes, the assumption of mutual knowledge suffices for the
analysis. A player’s private information is any information that the player has that
is not common knowledge among all the players.
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Robert Aumann is a versatile game theorist who has stamped his
| authority with creative contributions in a wide range of topics in
~game theory such as repeated games, correlated equilibria, bargain-
| ing theory, cooperative game theory, etc. It was Aumann, who pro-
vided in 1976 [3], a convincing explanation of the notion of com-
mon knowledge in game theory, in a classic paper entitled Agreeing
to disagree (which appeared in the Annals of Statistics). Aumann’s
work in the 1960s on repeated games clarified the difference be-
tween infinitely and finitely repeated games. With Bezalel Peleg in
1960, Aumann formalized the notion of a coalitional game without
transferable utility (NTU), a significant result in cooperative game theory. With Michael
Maschler (1963) he introduced the concept of a bargaining set, an important solution con-
cept in cooperative game theory. In 1974, Aumann went on to define and formalize the
notion of correlated equilibrium in Bayesian games. In 1975, Aumann proved a conver-
gence theorem for the Shapley value. In 1976, in an unpublished paper with Lloyd Shap-
ley, Aumann provided the perfect folk theorem using the limit of means criterion. All of
these contributions have advanced game theory in significant ways. His books on Values of
Non-Atomic Games (1984) co-authored with Lloyd Shapley and on Repeated Games with
Incomplete Information (1995) co-authored with Michael Maschler are considered game
theory classics.

Aumann was born in Frankfurt am Main, Germany on June 8, 1930. He earned an MSc
Degree in Mathematics in 1952 from the Massachusetts Institute of Technology where he
also received his Ph D Degree in 1955. His doctoral adviser at MIT was Professor George
Whitehead Jr. and his doctoral thesis was on knot theory. He has been a professor at the
Center for Rationality in the Hebrew University of Jerusalem, Israel, since 1956, and he
also holds a visiting appointment with Stonybrook University, USA.

Robert Aumann and Thomas Schelling received the 2005 Nobel Prize in Economic
Sciences for their contributions toward a clear understanding of conflict and cooperation
through game theory analysis.

The intelligence assumption means that whatever a game theorist may know or
understand about the game must be known or understood by the players of the game.
Thus the model of the game is also known to the players. Since all the players know
the model and they are intelligent, they also know that they all know the model.
Thus the model is common knowledge.

In a strategic form game with complete information, the set N, the strategy sets
S1,...,Sy, and the utility functions uy,...,u, are common knowledge, that is every
player knows them, every player knows that every player knows them, etc. We will
be studying strategic form games with complete information in this and the next
three sections. We will study games with incomplete information in Section 2.5.

2.1.2 Examples of Strategic Form Games

We now provide several examples of game theoretic situations and formulate them
as strategic form games.

Example 2.1 (Matching Companies Game). This example is developed on the lines
of the famous matching pennies game, where there are two players who simultane-
ously put down a coin each, heads up or tails up. Each player is unaware of the move
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made by the other. If the two coins match, player 1 wins; otherwise, player 2 wins.
In the version that we develop here, there are two companies, call them 1 and 2.
Each company is capable of producing two products A and B, but at any given time,
a company can only produce one product, owing to high setup and switchover costs.
Company 1 is known to produce superior quality products but company 2 scores
over company 1 in terms of marketing power and advertising innovations.

2

1 A B
Al+1, —1|—1, +1
B|—1,+1{+1, —1

Table 2.1 Payoff matrix for the matching companies game

If both the companies produce the same product (A or B), it turns out that com-
pany 1 makes all the profits and company 2 loses out, because of the superior quality
of products produced by company 1. This is reflected in our model with a payoff of
+1 for company 1 and a payoff of —1 for company 2, corresponding to the strategy
profiles (A,A) and (B,B).

On the other hand, if one company produces product A and the other company
produces product B, it turns out that because of the marketing skills of company 2
in differentiating the product offerings A and B, company 2 captures all the market,
resulting in a payoff of +1 for company 2 and a payoff of —1 for company 1.

The two companies have to simultaneously decide (each one does not know
the decision of the other) which product to produce. This is the strategic deci-
sion facing the two companies. This situation is captured by a strategic form game
I' =(N,S,S82,uj,up), where N ={1,2}; S} =S, = {A, B}, and the utility functions
are as described in Table 2.1.

Example 2.2 (Battle of Companies Game). This game is developed on the lines
of the famous Battle of Sexes problem. Consider two companies, 1 and 2. As in
Example 2.1, each company can produce two products A and B, but at any given
time, a company can only produce one type of product, owing to high setup and
switchover costs. The products A and B are competing products. Product A is a
niche product of company 1 while product B is a niche product of company 2. If
both the companies produce product A the consumers are compelled to buy product
A and would naturally prefer to buy it from company 1 rather than from 2. Assume
that company 1 will capture two thirds of the market. We will reflect this fact by
saying that the payoff to company 1 is twice as much as for company 2. If both the
companies produce product B, the reverse situation will prevail and company 2 will
make twice as much payoff as company 1.

On the other hand, if the two companies decide to produce different products,
then the market gets segmented, and each company tries to outwit the other through
increased spending on advertising. In fact, their competition may actually benefit a
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third company, and effectively, neither of the original companies 1 or 2 makes any
payoff. Table 2.2 depicts the payoff structure for this game.

1/A|B
A|2, 10,0
B|0,0|1,2

Table 2.2 Payoff matrix for the battle of companies game

Example 2.3 (Company’s Dilemma Problem). This game is modeled on the lines
of the popular prisoner’s dilemma problem. Here again, we have two companies
1 and 2, each of which can produce two competing products A and B, but only
one at a time. The companies are known for product A rather than for product B.
Environmentalists have launched a negative campaign on product A branding it as
non-eco friendly.

If both the companies produce product A, then, in spite of the negative campaign,
their payoff is quite high since product A happens to be a niche product of both the
companies. On the other hand, if both the companies produce product B, they still
make some profit, but not as much as they would if they both produced product A.

On the other hand, if one company produces product A and the other company
produces product B, then because of the negative campaign about product A, the
company producing product A makes zero payoff while the other company captures
all the market and makes a high payoff.

Table 2.3 depicts the payoff structure for this game. In our next example, we
describe the classical prisoner’s dilemma problem.

2
I1|/A|B
A]6,6/0,8
B|8,0|3,3

Table 2.3 Payoff matrix for the company’s dilemma problem

Example 2.4 (Prisoner’s Dilemma Problem). This is one of the most extensively
studied problems in game theory, with many interesting interpretations cutting
across disciplines. Two individuals are arrested for allegedly committing a crime
and are lodged in separate prisons. The district attorney interrogates them sepa-
rately. The attorney privately tells each prisoner that if he is the only one to confess,
he will get a light sentence of 1 year in jail while the other would be sentenced to
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10 years in jail. If both players confess, they would get 5 years each in jail. If nei-
ther confesses, then each would get 2 years in jail. The attorney also informs each
prisoner what has been told to the other prisoner. Thus the payoff matrix is common
knowledge. See Table 2.4.

2

1 NC C
NC| -2, -2 |-10, —1
C |-1,-10] =5, =5

Table 2.4 Payoff matrix for the prisoner’s dilemma problem

How would the prisoners behave in such a situation? They would like to play a
strategy that is best response to a (best) response strategy that the other player may
adopt, the latter player also would like to play a best response to the other player’s
best response, and so on. First observe that C is each player’s best strategy regardless
of what the other player plays:

ui(C,C) > u(NC,C); uy(C,NC) > u;(NC,NC)

1(C,C) > wy(C,NC); uz(NC,C) > up(NC,NC)

Thus (C,C) is a natural prediction for this game. However, the outcome (NC, NC)
is the best outcome jointly for the players. Prisoner’s Dilemma is a classic example
of a game where rational, intelligent behavior does not lead to a socially optimal
result. Also, each prisoner has a negative effect or externality on the other. When a
prisoner moves away from (NC, NC) to reduce his jail term by 1 year, the jail term
of the other player increases by 8 years.

Example 2.5 (A Sealed Bid Auction). There is a seller who wishes to allocate an
indivisible item to one of n prospective buyers in exchange for a payment. Here, N =
{1,2,...,n} represents the set of buying agents. Let v{,v,,...,v, be the valuations
of the players for the object. The n buying agents submit sealed bids and these
bids need not be equal to the valuations. Assume that the sealed bid from player i
(i=1,...,n) could be any real number greater than 0. Then the strategy sets of the
players are: S; = (0,00) for i = 1,...,n. Assume that the object is awarded to the
agent with the lowest index among those who bid the highest. Let by, ..., b, be the
bids from the n players. Then the allocation function will be:

yi(b1,...,by) =1if b;>bj for j=1,2,...,i—1 and
b; ij for j=i+1,....,n
=0else
In the first price sealed bid auction, the winner pays an amount equal to his bid, and

the losers do not pay anything. In the second price sealed bid auction, the winner
pays an amount equal to the highest bid among the players who do not win, and as
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usual the losers do not pay anything. The payoffs or utilities to the bidders in these
two auctions are of the form:

u,'(bl,...,b,,) Zy,'(bl,...,b,,)(v,'—ti(bl,...,bn))

where #;(b1,...,b,) is the amount to be paid by bidder i in the auction. Suppose
n =4, and suppose the values are vi = 20; v, = 20; v3 = 16; v4 = 16, and the
bids are by = 10; by = 12; b3 = 8; by = 14. Then for both first price and second
price auctions, we have the allocation y;(.) = 0; y2(.) = 0; y3(.) = 0; ya(.) = 1.
The payments for the first price auction are #1(.) = 0; 12(.) = 0; 13(.) = 0; 14(.) =
14 whereas the payments for the second price auction would be: #;(.) =0; f(.) =
0; 73(.) = 0; 14(.) = 12. The utilities can be easily computed from the values and the
payments.

An important question is: What will the strategies of the bidders be in these two
auctions. This question will be discussed at length in forthcoming sections.

Example 2.6 (A Bandwidth Sharing Game). This problem is based on an example
presented by Tardos and Vazirani [4]. There is a shared communication channel of
maximum capacity 1. There are n users of this channel, and user i wishes to send x;
units of flow, where x; € [0, 1]. We have

N={L1,2,...,n}
Si =S =...=8=0,1]

If Y;cyxi > 1, then the transmission cannot happen since the capacity is exceeded,

and the payoff to each player is zero. If };cyx; < I, then assume that the following
is the payoff to user i:
Uuj; :xi(l — Z xj)
JEN
The above expression models the fact that the payoff to a player is proportional to
the flow sent by the player but is negatively impacted by the total flow. The second

term captures the fact that the quality of transmission deteriorates with the total
bandwidth used. The above defines an n-player infinite game.

Example 2.7 (A Duopoly Pricing Game). This game model is due to Bertrand
(1883) [5]. Bertrand competition is a model of competition in a duopoly (that is an
economic environment with two competing companies), named after Joseph Louis
Franois Bertrand (1822-1900). There are two companies 1 and 2 that produce ho-
mogeneous products and that do not cooperate. The companies obviously wish to
maximize their profits. The quantity demanded for the product as a function of price
p is given by a continuous and strictly decreasing function x(p). The cost for pro-
ducing each unit of product = ¢ > 0. The companies simultaneously choose their
prices p; and p; and compete solely on price. We can see that the amount of sales
for each company is given by:
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x(p1) ifp1<pa
= 3x(p1) if p1=p»
0 if p1 > p2

xi(p1,p2)

x2(p1,p2) = x(p2) if pp <pi
= 3x(p2) if p2 = p1
=0 if po > py.
It is assumed that the companies incur production costs only for an output level
equal to their actual sales. Given prices p; and p», the utilities of the two companies
would be:

ur(p1,p2) = (p1 —c¢) x1(p1,p2)
ur(p1,p2) = (p2—c¢) x2(p1,p2).

Note that for this game, N = {1,2} and S} = S, = (0,00).

Example 2.8 (A Procurement Exchange Game). This example is adapted from an
example presented by by Tardos and Vazirani [4]. Imagine a procurement exchange
where buyers and sellers meet to match supply and demand for a particular product.
Suppose that there are two sellers 1 and 2 and three buyers A, B, and C. Because of
certain constraints such as logistics, assume that

A can only buy from seller 1.

C can only buy from seller 2.

B can buy from either seller 1 or seller 2.

Each buyer has a maximum willingness to pay of 1 and wishes to buy one item.
The sellers have enough items to sell.

Each seller announces a price in the range [0, 1].

Let 51 and s, be the prices announced. It is easy to see that buyer A will buy an item
from seller 1 at price s and buyer C will buy an item from seller 2 at price s. If
51 < s, then buyer B will buy an item from seller 1; otherwise buyer B will buy
from seller 2. Assume that buyer B will buy from seller 1 if s; = s,. The game can
now be defined as follows:

N ={1,2}
S1 =8 =[0,1]
uy(sy,82) = 2s1 ifs; < s
=gy if sy > 5
us(s1,82) = 28 if 51 > 50
=5y if 51 < 9.

We now start analyzing strategic form games by looking at their equilibrium
behavior. First we discuss the notion of dominant strategy equilibria. Next we intro-
duce the notion of Nash equilibrium. The notation we use is summarized in Table
2.5.
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N A set of players, {1,2,...,n}

Si Set of actions or pure strategies of player i

S Set of all action profiles S x ... xS,

s A particular action profile, s = (s1,...,s,) € S

S_i Set of action profiles of all agents other than i = S X ... S;—| X Sj11 X ... xS,

S_j A particular action profile of agents other than i, s_; = (S1,...,8i—1,8i+1,---,81) € S—;
(si,5—;)| Another representation for strategy profile (s, ...,s,)

st Equilibrium strategy of player i

u; Utility function of player i; u; : § — R

Table 2.5 Notation for a strategic form game

2.2 Dominant Strategy Equilibria

There are two notions of dominance that are aptly called strong dominance and
weak dominance.

2.2.1 Strong Dominance

Definition 2.2 (Strongly Dominated Strategy). Given a game I' = (N, (S;), (u;)).
a strategy s; € S; is said to be strongly dominated if there exists another strategy
s; € S; such that

ui(shys—i) > ui(siys—;) Vs_; € S_;.

We also say strategy s/ strongly dominates strategy s;.
Definition 2.3 (Strongly Dominant Strategy). A strategy s; € S; is said to be a

strongly dominant strategy for player i if it strongly dominates every other strategy
s; € S;. That is, Vs; # s,

ui(sy,s—i) > ui(si,s—;) Vs_; € S_;.

Definition 2.4 (Strongly Dominant Strategy Equilibrium). A profile of strategies
(s7,55,...,s%) is called a strongly dominant strategy equilibrium of the game I" =
(N, (Si), (u;)) if Vi =1,2,...,n, the strategy s is a strongly dominant strategy for
player i.

Example 2.9 (Dominant Strategies in the Prisoner’s Dilemma Problem). Recall the
prisoner’s dilemma problem. Observe that the strategy NC is strongly dominated by
C for player 1 since

u1(C,NC) > u;(NC,NC); u;(C,C) > u(NC,C).

Similarly, the strategy NC is strongly dominated by C for player 2 also, since
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uz(NC,C) > MQ(NC,NC); Mz(C,C) > MQ(C,NC).

Thus C is a strongly dominant strategy for both the players. Therefore (C,C) is a
strongly dominant strategy equilibrium for this game.

Note 2.1. If a player has a strongly dominant strategy then we should expect him to
play it. On the other hand, if a player has a strongly dominated strategy, then we
should expect him to not play it.

Note 2.2. A strongly dominant strategy equilibrium, if one exists, will be unique.
The proof of this result is fairly straightforward.

2.2.2 Weak Dominance

Definition 2.5 (Weakly Dominated Strategy). Given a game I' = (N, (S;), (1)), a
strategy s; € S; is said to be weakly dominated by a strategy s; € S; for player i if

wi(shys i) > ui(siys—;) Vs_; €S_; and w;(s},s_;) > u;(s;,s_;) for some s_; €S_;.
The strategy s/ is said to weakly dominate strategy s;.

Definition 2.6 (Weakly Dominant Strategy). A strategy s; is said to be a weakly
dominant strategy for player i if it weakly dominates every other strategy s; € S;.

Definition 2.7 (Weakly Dominant Strategy Equilibrium). Given a game I =
(N, (Si), (1)), a strategy profile (s7,...,s;) is called a weakly dominant strategy
equilibrium if for i = 1,...,n, the strategy s’ is a weakly dominant strategy for

player i.

Example 2.10 (A Modified Prisoner’s Dilemma Problem). Consider the payoff ma-
trix of a slightly modified version of the prisoner’s dilemma problem, shown in
Table 2.6. Observe that the strategy C is weakly dominant for player 1 since

2

1 NC C
NC| -2, -2 |-10, -2
C |-2,-10| -5, =5

Table 2.6 Payoff matrix of a modified prisoner’s dilemma problem

u1(C,NC) = u;(NC,NC); u;(C,C) > u(NC,C).
Also, C is weakly dominant for player 2 since

1(NC,C) = uy(NC,NC); u»(C,C) > us(C,NC).
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Therefore the strategy profile (C,C) is a weakly dominant strategy equilibrium.

Note 2.3. Tt is to be noted that there could exist multiple weakly dominant strate-
gies for a player, and therefore there could exist multiple weakly dominant strategy
equilibria in a strategic form game.

Example 2.11 (Second Price Sealed Bid Auction with Complete Information). Con-
sider the second price sealed bid auction for selling a single indivisible item dis-
cussed in Example 2.5. Let by,bs,...,b, be the bids (strategies), and we shall
denote a bid profile (strategy profile) by b = (by,by,...,b,). Assume that v;,b; €
(0,00) fori = 1,2,...,n. Recall that the item is awarded to the bidder who has the
lowest index among all the highest bidders. Recall the allocation function:

yi(bi,...,by) =1if b;>bj for j=1,2,...,i—1 and
bj>bj for j=i+1,....n
=0 else.

The payoff for each bidder is given by:

u,'(bh...,bn) Zyi(bl,...,bn)(vi—t,'(bh...,bn))

where #;(by,...,b,) is the amount paid by the winning bidder. Being second price
auction, the winner pays only the next highest bid. We now show that the strategy
profile (by,...,b,) = (v1,...,v,) is a weakly dominant strategy equilibrium for this
game.

Proof: Consider bidder 1. His value is v; and bid is b;. The other bidders have bids

by, ...,b, and valuations v, ...,v,. We consider the following cases.
Case 1: v; > max(by,...,b,). There are two sub-cases here: by > max (b, ...,by)
and by < max(ba,...,by).
Case 2: v <max(by,...,b,). There are two sub-cases here: by > max(b,,...,b,)

and by < max(by,...,b,).

We analyze these cases separately below.

Case 1: v; > max(by,...,by).

We look at the following scenarios.

e Letb; > max(by,...,by,). This implies that bidder 1 is the winner, which implies
that u; = v; —max(by,...,b,) > 0.

e Let by < max(by,...,b,). This means that bidder 1 is not the winner, which in
turn means u; = 0.

e Let b; = vy, then since v; > max(bs,...,b,), we have u; = vi —max(bs,...,b,).
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Therefore, if by = vy, the utility u; is greater than or equal to the maximum utility
obtainable. Thus, whatever the values of b, ..., b,, it is a best response for player 1
to bid v;. Thus b; = v; is a weakly dominant strategy for a bidder 1.

Case 2: v; < max(ba,...,by).

As before, we look at the following scenarios.

e Let by > max(by,...,b,). This implies that bidder 1 is the winner and the payoff
is given by:
u; =vy —max(by,...,b,) <O.

e Letb; <max(by,...,b,). This means bidder 1 is not the winner. Therefore u; =
0.
e If by = vy, then bidder 1 is not the winner and therefore u; = 0.

From the above analysis, it is clear that b; = v; is a best response strategy for player
1 in Case 2 also. Combining our analysis of Case 1 and Case 2, we have that

M](V],b27...,bn)Zul(l;hbz,...,bn) V516S1 VbyeSy, ..., by €S,

Also, we can show (and this is left as an exercise) that, for any b/1 2 vi, we can
always find b, € S>,b3 € S3,...,b, € S, such that

ul(vl,bz,...bn) > M](bll,bz,...,bn).

Thus by = vy is a weakly dominant strategy for a bidder 1. Using almost similar
arguments, we can show that b; = v; is a weakly dominant strategy for bidder i where
i=2,3,...,n. Therefore (vi,...,v,) is a weakly dominant strategy equilibrium.

2.3 Pure Strategy Nash Equilibrium

Dominant strategy equilibria (strongly dominant, weakly dominant), if they exist,
are very desirable but rarely do they exist because the conditions to be satisfied are
too demanding. A dominant strategy equilibrium requires that each player’s choice
be a best response against all possible choices of all the other players. If we only
insist that each player’s choice is a best response against the best response strategies
of the other players, we get the notion of Nash equilibrium. This solution concept
derives its name from John Nash, one of the most celebrated game theorists of our
times. In this section, we introduce and discuss the notion of pure strategy Nash
equilibrium. In the following section, we discuss the notion of mixed strategy Nash
equilibrium.
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John F. Nash, Jr. is described by many as one of the most orig-
inal mathematicians of the 20th Century. He was born in 1928 in
Bluefield, West Virginia, USA. He completed his BS and MS in
the same year (1948) at Carnegie Mellon University, majoring in
Mathematics. He became a student of Professor Albert Tucker at
Princeton University and completed his Ph.D. in Mathematics in
1950. His doctoral thesis (which had exactly 28 pages) proposed
the brilliant notion of Nash Equilibrium, which helped expand the
scope of game theory beyond two player zero sum games. His main
result in his doctoral work settled the question of existence of a
mixed strategy equilibrium in finite strategic form games. During his doctoral study, Nash
also wrote a remarkable paper on the two player bargaining problem. He showed using a
highly imaginative axiomatic approach that there exists a unique solution to the two person
bargaining problem.

He worked as a professor of Mathematics at MIT in the Department of Mathematics
where he did path-breaking work on algebraic geometry. He is also known for the Nash em-
bedding theorem, which proves that any abstract Riemannian manifold can be isometrically
realized as a sub-manifold of the Euclidean space. He is also known for his fundamental
contributions to nonlinear parabolic partial differential equations.

The life and achievements of John Nash are fascinatingly captured in his biography A
Beautiful Mind authored by Sylvia Nasar. This was later made into a popular movie with
the same title. Professor Nash is currently at the Princeton University.

In 1994, John Nash was awarded the Nobel Prize in Economic Sciences, jointly with
Professor John C. Harsanyi, University of California, Berkeley, CA, USA, and Professor
Dr. Reinhard Selten, Rheinische Friedrich-Wilhelms-Universitdt, Bonn, Germany, for their
pioneering analysis of equilibria in the theory of non-cooperative games.

Definition 2.8 (Pure Strategy Nash Equilibrium). Given a strategic form game
I' =(N,(S;), (u;)), the strategy profile s* = (s7,s3,...,s)) is said to be a pure strat-
egy Nash equilibrium of I" if,

ui(st,s* ) > ui(si,s™;), Vsie€S, Vi=12,....n

That is, each player’s Nash equilibrium strategy is a best response to the Nash equi-
librium strategies of the other players.

Definition 2.9 (Best Response Correspondence for Player 7). Given a game I =
(N, (), (u;)), the best response correspondence for player i is the mapping B; :
S_; — 25 defined by

Bi(s—;) = {si € Si 1 ui(siys—i) > ui(s,s-;) Vst € S;}.

That is, given a profile s_; of strategies of the other players, B;(s_;) gives the set of
all best response strategies of player i.

Definition 2.10 (An Alternative Definition of Nash Equilibrium). Given a strate-
gic form game I = (N, (S;), (u;)), the strategy profile (s7,...,s;) is a Nash equilib-
rium iff,

S?EBi(Sii)v Vi=1,...,n.

Note 2.4. Given a strategic form game I" = (N, (S;), (#;)), a strongly dominant strat-
egy equilibrium or a weakly dominant strategy equilibrium (s7,...s}) is also a Nash
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equilibrium. This can be shown easily. The intuitive explanation for this is as fol-
lows. In a dominant strategy equilibrium, the equilibrium strategy of each player
is a best response irrespective of the strategies of the rest of the players. In a pure
strategy Nash equilibrium, the equilibrium strategy of each player is a best response
against the Nash equilibrium strategies of the rest of the players. Thus, the Nash
equilibrium is a much weaker version of a dominant strategy equilibrium. It is also
fairly obvious to note that a Nash equilibrium need not be a dominant strategy equi-
librium.

2.3.1 Pure Strategy Nash Equilibria: Examples

Example 2.12 (Battle of Companies). Consider Example 2.2 from the previous sec-
tion. There are two Nash equilibria here, namely (A,A) and (B,B). The profile (A,A)
is Nash equilibrium because

ui(A,A) > ui(B,A); ua(A,A) > uz(A,B).
The profile (B, B) is a Nash equilibrium because
ui(B,B) > ui(A,B); ux(B,B) > uy(B,A).
The best response sets are given by:
Bi(A) = {A}; Bi(B) = {B}; B2(A) ={A}; Bx(B) = {B}.

Since A € Bj(A) and A € B>(A), (A,A) is a Nash equilibrium. Similarly since B €
B (B) and B € B»(B), (B,B) is a Nash equilibrium.

Example 2.13 (Prisoner’s Dilemma). Consider the prisoner’s dilemma problem in-
troduced in Example 2.4. Note that (C,C) is the unique pure strategy Nash equilib-
rium here. To see why, we look at the best response sets:

B,(C) ={C}; Bi(NC)={C}; B>(C)={C}; B2(NC)={C}.

Since 57 € Bi(s3) and 53 € By (s}) for a Nash equilibrium, the only possible pure
strategy Nash equilibrium here is (C,C). In fact as already seen, this is a strongly
dominant strategy equilibrium. Note that the strategy profile (NC,NC) is not a Nash
equilibrium, though, it is jointly the most desirable outcome for the two prisoners.
Quite often, Nash equilibrium profiles are not necessarily the the best outcomes.

Example 2.14 (Bandwidth Sharing Game). Recall the bandwidth sharing game dis-
cussed in Example 2.6. We compute a Nash equilibrium for this game in the follow-
ing way. Let x; be the amount of flow that player i (i = 1,2,...,n) wishes to transmit
on the channel and assume that

Z)Ci < 1.

ieN
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Consider player i and define:

= ij'

J#
The payoff for the player i is equal to

X; (1 —1r— xl-) .
In order to maximize the above payoff, we have to choose

x; =arg max x;(1—7—x)

x;€[0,1
C1-t
T2
=Xk
=—"

If this has to be satisfied for all i € N, then we end up with n simultaneous equations

1—2 i'X*'
x:.‘:izﬁé I =12, n

A Nash equilibrium of this game is any solution to the above n simultaneous equa-
tions. It can be shown that the above set of simultaneous equations has the unique

solution:
. 1

T +n
The profile (x7,...,x}) is thus a Nash equilibrium. The payoff for player i in the

above Nash equilibrium
B 1 1
S \n+1)\n+1)°

Therefore the total payoff to all players combined

i=1,2,....,n.

(n+1)2

As shown below, the above is not a very happy situation. Consider the following

non-equilibrium profile
1 1 1
2n’2n" " 2n )"

This profile gives each player a payoff

1
4n’
Therefore the total payoff to all the players
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1 - n
N (n+1)2
Thus a non-equilibrium payoff (ﬁ, ﬁ, ey ﬁ) provides more payoff than a Nash

equilibrium payoff. This is referred to as a tragedy of the commons. In general, like
in the prisoner’s dilemma problem, the equilibrium payoffs may not be the best
possible outcome for the players individually and also collectively. This lack of
Pareto optimality is a property that Nash equilibrium payoffs often suffer from.

Example 2.15 (Duopoly Pricing Game). Recall the pricing game discussed in Ex-
ample 2.7. There are two companies 1 and 2 that wish to maximize their profits by
choosing their prices p; and p;. The utilities of the two companies are:

ui(p1,p2) = (p1 —¢) x1(p1,p2)
ur(p1,p2) = (p2 —c) x2(p1,p2)-

Note that u; (c,c) = 0 and up(c,c) = 0. Also, it can be easily noted that
ui(c,c) > ui(pi,c) Vp1 € 8

uz(c,c) > ux(c,p2) Vp2 € Ss.

Therefore the strategy profile (c,c) is a pure strategy Nash equilibrium. The impli-
cation of this result is that in the equilibrium, the companies set their prices equal to
the marginal cost. The intuition behind this result is to imagine what would happen
if both the companies set equal prices above marginal cost. Then the two companies
would get half the market at a higher than marginal cost price. However, by lowering
prices just slightly, a firm could gain the whole market, so both firms are tempted
to lower prices as much as they can. It would be irrational to price below marginal
cost, because the firm would make a loss. Therefore, both firms will lower prices
until they reach the marginal cost limit.

Example 2.16 (Game without a Pure Strategy Nash Equilibrium). Recall the match-
ing companies game (Example 2.1) and the payoff matrix for this game:

2

1 A B
Al+1, —1|—1, +1
B|—-1, +1|+1, —1

It is easy to see that this game does not have a pure strategy Nash equilibrium. This
example shows that there is no guarantee that a pure strategy Nash equilibrium will
exist. Later on in this section, we will state sufficient conditions under which a given
strategic form game is guaranteed to have a pure strategy Nash equilibrium. In the
next section, we will show that this game has a mixed strategy Nash equilibrium. We
will now study another example that does not have a pure strategy Nash equilibrium.

Example 2.17 (Procurement Exchange Game). Recall Example 2.8. Let us investi-
gate if this game has a pure strategy Nash equilibrium. First, we explore whether the
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strategy profile (1,s;) is a Nash equilibrium for any s, € [0, 1]. Note that

Ml(l,SZ) = ZifS2 =1
=1lifsy <1

up(lysy) =1lifsp =1
= 2syif sy < 1.

It is easy to observe that us(1,s2) has a value 2s, for 0 < s, < 1. Therefore us(1,s2)
increases when s; increases from 0, until s, reaches 1 when it suddenly drops to 1.
Thus it is clear that a profile of the form (1,s,) cannot be a Nash equilibrium for
any s7 € [0,1]. Similarly, no profile of the form (s;, 1) can be a Nash equilibrium for
any s1 € [0,1].

Let us now explore if there exists any Nash equilibrium (s7,s3), with s7,s3 €
[0,1). There are two cases here.

e Case 1: If 57 < %, then the best response for player 2 would be to bid s, = 1
since that would fetch him the maximum payoff. However bidding s, = 1 is not
an option here since the range of values for s, is [0, 1).

e Case 2: If 57 > 1, there are two cases: (1) s} < 53 (2) 5] > s3. Suppose s} < s3.
Then

ui(sy,s3) = 2s]
ur(s7,53) = 3.
Choose s, such that % <53 < s}. Then

*
ur(s1,82) = 282
> 5 since 252 > 1 and 55 < 1
* %
= ua(s7,53)-
Thqs we are able to improve upon (s7,s3) and hence (s7,s3) is not a Nash equi-
librium.
Now, suppose, s7 > s5. Then
* % *
u(s1,82) = s

up(sy,s5) = 2s5.
Now let us choose sy such that 1 > sy > s7. Then
ui(s1,s3) =s1 > 57 =u1(s7,5).

Thus we can always improve upon (s}, s3). Therefore this game does not have a
pure strategy Nash equilibrium. We wish to remark here that this game does not
even have a mixed strategy Nash equilibrium.
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2.3.2 Interpretations of Nash Equilibrium

Nash equilibrium is one of the most extensively discussed and debated topics in
game theory. Many interpretations have been provided. Note that a Nash equilibrium
is a profile of strategies, one for each of the n players, that has the property that
each player’s choice is his best response given that the rest of the players play their
Nash equilibrium strategies. By deviating from a Nash equilibrium strategy, a player
will not be better off given that the other players stick to their Nash equilibrium
strategies. The following discussion provides several interpretations put forward by
game theorists.

A popular interpretation views a Nash equilibrium as a prescription. An adviser
or a consultant to the n players would essentially prescribe a Nash equilibrium strat-
egy profile to the players. If the adviser recommends strategies that do not constitute
a Nash equilibrium, then some players would find that it would be better for them to
do differently than advised. If the adviser prescribes strategies that do constitute a
Nash equilibrium, then the players are not unhappy because playing the equilibrium
strategy is best under the assumption that the other players will play their equilib-
rium strategies.

Thus a logical, rational, adviser would recommend a Nash equilibrium profile to
the players. The immediate caution, however, is that Nash equilibrium is an insur-
ance against only unilateral deviations (that is, only one player at a time deviating
from the equilibrium strategy). Two or more players deviating might result in play-
ers improving their payoffs compared to their equilibrium payoffs. For example, in
the prisoner’s dilemma problem, (C,C) is a Nash equilibrium. If both the players
decide to deviate, then the resulting profile is (NC,NC), which is better for both the
players. Note that (NC,NC) is not a Nash equilibrium.

Another popular interpretation of Nash equilibrium is that of prediction. If the
players are rational and intelligent, then a Nash equilibrium is a good prediction
for the game. For example, a systematic elimination of strongly dominated strate-
gies will lead to a reduced form that will include a Nash equilibrium. Often, iter-
ated elimination of strongly dominated strategies leads to a unique prediction which
would be invariably a Nash equilibrium.

An appealing interpretation of Nash equilibrium is that of self-enforcing agree-
ment. A Nash equilibrium can be viewed as an implicit or explicit agreement be-
tween the players. Once this agreement is reached, it does not need any external
means of enforcement because it is in the self-interest of each player to follow this
agreement if the others do. In a noncooperative game, agreements cannot be en-
forced, hence, Nash equilibrium agreements are the only ones sustainable.

A natural, easily understood interpretation for Nash equilibrium has to do with
Evolution and Steady-State. A Nash equilibrium is a potential stable point of a dy-
namic adjustment process in which players adjust their behavior to that of other
players in the game, constantly searching for strategy choices that will give them
the best results. This interpretation has been used to explain biological evolution.
In this interpretation, Nash equilibrium is the outcome that results over time when
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a game is played repeatedly. A Nash equilibrium is like a stable social convention
that people are happy to maintain forever.

Common knowledge was usually a standard assumption in determining condi-
tions leading to a Nash equilibrium. More recently, it has been shown that the com-
mon knowledge assumption may not be required; instead, mutual knowledge is ad-
equate. Suppose that each player is rational, knows his own payoff function, and
knows the strategy choices of the others; then the strategy choices of the players
will constitute a Nash equilibrium.

2.3.3 Existence of a Pure Strategy Nash Equilibrium

Consider a strategic form game I = (N, (S;), (4;)). We have seen examples (1)
where only a unique pure strategy Nash equilibrium exists (2) where multiple pure
strategy Nash equilibria exist, and (3) where a pure strategy Nash equilibrium does
not exist. We now present a proposition that provides sufficient conditions under
which a strategic form game is guaranteed to have at least one pure strategy Nash
equilibrium. We do not delve into the technical aspects of this proposition; we refer
the reader to consult [6] for more details.

Proposition 2.1. Given a strategic form game I' = (N, (S;), (u;)), a pure strategy
Nash equilibrium exists if for alli € N,

e S; is a non-empty, convex, compact subset of R"
o u;(sy,...,8,) is continuous in (s1,...,s,) and quasi-concave in s;

In the next section where we consider mixed strategy Nash equilibria, we will state
the celebrated Nash’s Theorem, which guarantees the existence of a mixed strategy
Nash equilibrium for a finite strategic form game.

2.3.4 Existence of Multiple Nash Equilibria

We have seen a few examples of strategic form games where multiple Nash equi-
libria exist. If a game has multiple Nash equilibria, then a fundamental question
to ask is which of these would be implemented by the players? This question has
been addressed by numerous game theorists, in particular, Thomas Schelling, who
proposed the focal point effect. According to Schelling, anything that tends to focus
the player’s attention on one equilibrium may make them all expect it and hence
fulfill it, like a self-fulfilling prophecy. Such a Nash equilibrium, which has some
property that distinguishes it from all other equilibria is called a focal equilibrium
or a Schelling Point.

As an example, consider the battle of companies game that we discussed in Ex-
ample 2.2. Recall the payoff matrix of this game:
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2
I1/A|B
A(2,110,0
B|(0,0]|1,2

Here (A,A) and (B,B) are both Nash equilibria. If there is a special interest (or
hype) created about product A, then (A,A) may become the focal equilibrium. On
the other hand, if there is a marketing blitz on product B, then (B,B) may become
the focal equilibrium.

Thomas Schelling received, jointly with Robert Aumann, the 2005
Nobel Prize in Economic Sciences for contributions towards a clear
understanding of conflict and cooperation through game theory
analysis. Schelling’s stellar contributions are best captured by sev-
eral books that he has authored. The book The Strategy of Conflict
that he wrote in 1960 is a classic work that has pioneered the study
of bargaining and strategic behavior. It has been voted as one of the
100 most influential books since 1945. The notion of focal point,
which is now called the Schelling point is introduced in this work
to explain strategic behavior in the presence of multiple equilibria.

Another book entitled Arms and Influence is also a popularly cited work. A highlight of
Schelling’s work has been to use simple game theoretic models in an imaginative way to
obtain deep insights into global problems such as the cold war, nuclear arms race, war and
peace, etc.

Schelling was born on April 14, 1921. He received his Doctorate in Economics from
Harvard University in 1951. During 1950-53, Schelling was in the team of foreign policy
advisers to the US President, and ever since, he has held many policy making positions
in public service. He has played an influential role in the global warming debate also. He
was at Harvard University from 1958 to 1990. Since 1990, he has been a Distinguished
University Professor at the University of Maryland, in the Department of Economics and
the School of Public policy.

2.4 Mixed Strategy Nash Equilibrium

2.4.1 Randomized Strategies or Mixed Strategies

Consider a strategic form game: I = (N, (S;), (4;)). The elements of S; are called the
pure strategies of player i (i = 1,...,n). If player i randomly chooses one element
of the set S;, we have a mixed strategy or a randomized strategy. In the discussion
that follows, we assume that S; is a finite for each i =1,2,...,n.

Definition 2.11 (Mixed Strategies). Given a player i with S; as the set of pure strate-
gies, a mixed strategy o; for player i is a probability distribution over S;. That is,
0; : S; — [0, 1] assigns to each pure strategy s; € S;, a probability o;(s;) such that

Y oi(si)=1.

Si€S;
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A pure strategy of a player, say s; € S;, can be considered as a mixed strategy that
assigns probability 1 to s; and probability O to all other strategies of player i. Such a
mixed strategy is said to be a degenerate mixed strategy and is denoted by e(s;) or
simply by s;.

If S; = {si1,82,...,%mn}, then clearly, the set of all mixed strategies of player i is
the set of all probability distributions on the set S;. In other words, it is the simplex:

A(Si): {(O’il,...,()','m)ERm20'ijZOfOI‘j:1,...,I’I’lal‘ld Zo_ijzl}-
=1

The above simplex is called the mixed extension of S;. Using the mixed extensions
of strategy sets, we would like to define a mixed extension of the pure strategy game
I' =(N,(S;), (u;)). Let us denote the mixed extension of I" by

Ine = (N, (A(S:)), (U)).
Note that, fori=1,2,...,n,
Ui : XieNA(S,') — R.

Given 0; € A(S;) for i = 1,...,n, we compute U;(0y,...,0,) as follows. First, we
make the standard assumption that the randomizations of individual players are mu-
tually independent. This implies that given a profile (o7, ..., 0;), the random vari-
ables o1, ..., 0, are mutually independent. Therefore the probability of a pure strat-
egy profile (s1,...,s,) is given by

O(S1y..vy8n) = HG,'(S,').

ieEN
The payoff functions U; are defined in a natural way as

Ui(oy,...,0n) = Z (St y8n) Ui(S1,--,8n)-
(S1555n)ES

In the sequel, when there is no confusion, we will write u; instead of U;. For example,
instead of writing U;(01, ..., 0,), we will simply write u;(01,...,0;).

Example 2.18 (Mixed Extension of the Battle of Companies Game). Recall the game
discussed in Example 2.2, having the following payoff matrix:

2
1/A|B
A|2,110,0
B|(0,0|1,2

Suppose (07,07) is a mixed strategy profile. This means that o} is a probability
distribution on S} = {A, B}, and 0 is a probability distribution on S, = {A, B}. Let
us represent
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o1 = (o1(A),01(B))
0, = (02(A),02(B)).

We have
S=S1 x5 ={(A,A),(A,B),(B,A),(B,B)}.

We will now compute the payoff functions u#; and u;. Note that, fori = 1,2,

ui(o1,00) = Y, o(s1,8) ui(s1,s2).
(Sl,Sz)GS

The function u; can be computed as

Similarly, we can show that
up(01,02) =2+301(A)02(A) —201(A) —20,2(A).

Suppose 61 = (3,1) and 6, = (4,2). Then it is easy to see that

2 2
ui(01,02) = §§ u(01,02) = 3

2.4.2 Mixed Strategy Nash Equilibrium

We now define the notion of a mixed strategy Nash equilibrium.

Definition 2.12 (Mixed Strategy Nash Equilibrium). A mixed strategy profile
(of,...,0,) is called a Nash equilibrium if Vi € N,

M,’(Gi*,Gii) > l/t,'(O'i, O'ji) Vo, € A(S,)
Define the best response functions B;(.) as follows.
Bi(G_,') = {G,' S A(S,') s ui( oy, G_,') > u,'(Gi/, o) V(Fi’ € A(S,')}.

Then, clearly, a mixed strategy profile (o7, ...,0; ) is a Nash equilibrium iff
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o/ €Bi(c*;) Vi=1,2,...,n.

Example 2.19 (Mixed Strategy Nash Equilibria for the Battle of Companies Game).
Suppose (07, 07) is a mixed strategy profile. We have already shown that
u1(01,02) = 1+301(A)02(A) — 61(A) — 02(A)
ur(01,02) =2+4301(A)02(A) —2061(A) — 202 (A).

Let (o}, 05) be a mixed strategy equilibrium. Then
u1(61*7(7;) > u1(61,0'2*) Vo, € A(S])

u(0y,05) > up(oy,00) Vo, € A(Sy).

The above two equations are equivalent to:
307 (A)05(A) — 01 (A) = 3061(A)0; (A) — 01(A)

307 (4)03 (A) —203 (4) > 367 (4) 52(4) — 20 (A).

The last two equations are equivalent to:
oi(A){305(4)~ 1} > 6(A) {305 (A) ~ 1} Yo €A(S1) (1)

05 (A){307(A) ~2} > 2(A) {307 (4) 2} Yo €A(S).  (Q22)
There are three possible cases.

e Case 1: 305 (A) > 1. This leads to the pure strategy Nash equilibrium (4,4).
e Case 2:30;5(A) < 1. This leads to the pure strategy Nash equilibrium (B, B).
e Case 3: 305 (A) = 1. This leads to the mixed strategy profile:

2 1 1 2

o/(A)==; of/(B)==; 65(A)==; 0,(B) = ~.

[(4)=5: ol(B)= 33 03(4) = 33 03(B) =3

This is a candidate mixed strategy Nash equilibrium. We will later on show that

this is indeed a mixed strategy Nash equilibrium using a necessary and sufficient

condition for a mixed strategy profile to be a Nash equilibrium, which we present
next.

Definition 2.13 (Support of a Mixed Strategy). Let ; be any mixed strategy of a
player i. The support of o;, denoted by 8(0;), is the set of all pure strategies which
have non-zero probabilities under o;. That is,

5(6,’) = {S,‘ ISR G,‘(Si) > O}.

Theorem 2.1 (A Necessary and Sufficient Condition for Nash Equilibrium). The
mixed strategy profile (o},...,0,) is a mixed strategy Nash equilibrium iff for every
player i € N, we have

1. u;(s;,0*;) is the same ¥s; € 8(o}).
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2. ui(si,0%;) > ui(s;, 6*,) Vs; € 8(c7) Vs, ¢ 8(o7)

(that is, the payoff of the player i for each pure strategy having non-zero probability
is the same and is greater than or equal to the payoff for each pure strategy having
zero probability).

This theorem has much significance for computing Nash equilibria. Any standard
textbook may be looked up (for example [1]) for a proof of this theorem. The theo-
rem has the following implications.

1. In a mixed strategy Nash equilibrium, each player gets the same payoff (as in
Nash equilibrium) by playing any pure strategy having positive probability in his
Nash equilibrium strategy.

2. The above implies that the player can be indifferent about which of the pure
strategies (with positive probability) he/she will play.

3. To verify whether or not a mixed strategy profile is a Nash equilibrium, it is
enough to consider the effects of only pure strategy deviations.

Example 2.20 (Mixed Strategy Nash Equilibrium for the Battle of Companies Game).
We now show, using the above theorem, that the strategy profile

oi(4) = 2: of (B) =

. oi(B) =2

- 0 (A) =

[OSERE

1
3
is a mixed strategy Nash equilibrium. Note that 6 (o} ) = {A,B} and 6 (03 ) = {A,B}.

Note immediately that condition (2) of the above theorem is trivially satisfied for
both the players. We will now investigate condition (1). Note that

. " 1 2 2
MI(A70-2) :ul(B762) =2x §+OX g = §
2 1 2

uy(o7,A) = ux(oy,B) X3 +0x 3 3

Therefore, condition (2) is also satisfied for both the players. Thus the above profile
is a mixed strategy Nash equilibrium.

Example 2.21 (Mixed Strategy Nash Equilibrium for Matching Companies). For this
game (Example 2.1), we have seen that there does not exist a pure strategy Nash
equilibrium. The mixed strategy profile (o}, 05 ) defined by

6i(4) = 5 01 (B) = 3: o3(A) = 1: 05(B)=

can be easily shown to be a mixed strategy Nash equilibrium.
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2.4.3 Existence of Mixed Strategy Nash Equilibrium

This is an important question that confronted game theorists for a long time. The
first important result on this question was resolved by Von Neumann in 1928, who
showed that a two person zero sum game is guaranteed to have a randomized saddle
point (which is the same as a mixed strategy Nash equilibrium for two person ze-
rosum games). In 1950, Nash introduced his notion of equilibrium for multiperson
games and established a significant result that is stated in the following proposition.

Theorem 2.2 (Nash’s Theorem). Let I' = (N, (S;), (u;)) be a finite strategic form
game (that is, N is finite and S; is finite for each i € N). Then I has at least one
mixed strategy Nash equilibrium.

The proof of Nash’s theorem is based on Kakutani’s fixed point theorem. The books
[6, 1] may be consulted for a proof of this theorem. Nash’s theorem, however, does
not guarantee the existence of a Nash equilibrium for an infinite game. For example,
the pricing game in a procurement exchange (Example 2.8), which is an infinite
game, does not have a mixed strategy Nash equilibrium.

2.4.4 Computation of Nash Equilibria

The problem of computing Nash equilibria is one of the fundamental computational
problems in game theory. In fact, this problem has been listed as one of the im-
portant current challenges in the area of algorithms and complexity. The problem
has generated intense interest since the 1950s. A famous algorithm for computing
a Nash equilibrium in bimatrix games (two player non-zero sum games) is due to
Lemke and Howson (1964). Another famous algorithm for bimatrix games is due to
Mangasarian (1964). Rosenmuller (1971) extended the Lemke-Howson algorithm
to n-person finite games. Wilson (1971) and Scarf (1973) developed efficient algo-
rithms for n-person games. McKelvey and McLennan [7] have provided an excellent
survey of various algorithms for computing Nash equilibria.

In the case of two person zero-sum games, computing a mixed strategy Nash
equilibrium can be accomplished by solving a linear program. This is a consequence
of the famous minimax theorem and the linear programming duality based formu-
lation provided by Von Neumann. The running time, therefore, is worst case poly-
nomial time for two person zerosum games.

In the case of two person non-zero sum games, the complexity is unknown in the
general case. There are no known complexity results even for symmetric two player
games or even for pure strategy Bayesian Nash equilibria. According to Papadim-
itriou [8], proof of NP-completeness seems impossible. Papadimitriou has defined
a complexity class called TFNP and shows that the following problems belong to
TFNP: (a) computing NE, (b) factoring, (c) fixed point problems, (d) local optimiza-
tion. Computing equilibria with certain special properties (such as maximal payoff,
maximal support) have been shown to be NP-hard.



40 2 Foundations of Mechanism Design

Complexity results for n-person games are mostly open and this is currently an
active area of research. The articles by Papadimitriou [8] and Stengel [9] present a
survey of the current art in this area.

2.5 Bayesian Games

We have so far studied strategic form games with complete information. We will
now study games with incomplete information, which are crucial to the theory of
mechanism design. A game with incomplete information is one in which, at the first
point in time when the players can begin to plan their moves in the game, some
players have private information about the game that other players do not know. In
contrast, in complete information games, there is no such private information, and
all information is publicly known to everybody. Clearly, incomplete information
games are more realistic, more practical.

The initial private information that a player has, just before making a move in the
game, is called the fype of the player. For example, in an auction involving a single
indivisible item, each player would have a valuation for the item, and typically the
player himself would know this valuation deterministically while the other players
may only have a guess about how much this player values the item.

John Harsanyi (Joint Nobel Prize winner in Economic Sciences in 1994 with
John Nash and Reinhard Selten) proposed in 1968, Bayesian form games to repre-
sent games with incomplete information.

In 1994, John Charles Harsanyi was awarded the Nobel Prize in
Economic Sciences, jointly with Professor John Nash and Profes-
sor Reinhard Selten, for their pioneering analysis of equilibria in
the theory of non-cooperative games. Harsanyi is best known for
his work on games with incomplete information and in particu-
lar Bayesian games, which he published as a series of three cele-
brated papers titled Games with incomplete information played by
Bayesian players in the Management Science journal in 1967 and
1968. His work on analysis of Bayesian games is of foundational
value to mechanism design since mechanisms crucially use the
framework of games with incomplete information. Harsanyi is also acclaimed for his in-
triguing work on utilitarian ethics, where he applied game theory and economic reasoning
in political and moral philosophy. Harsanyi’s collaboration with Reinhard Selten on the
topic of equilibrium analysis resulted in a celebrated book entitled A General Theory of
Equilibrium Selection in Games (MIT Press, 1988).

John Harsanyi was born in Budapest, Hungary, on May 29, 1920. He got two doctoral de-
grees — the first one in philosophy from the University of Budapest in 1947 and the second
one in economics from Stanford University in 1959. His adviser at Stanford University was
Professor Kenneth Arrow, who got the Economics Nobel Prize in 1972. Harsanyi worked
at the University of California, Berkeley, from 1964 to 1990 when he retired. He died on
August 9, 2000, in Berkeley, California.
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Reinhard Selten was jointly awarded the Nobel Prize in Economic
Sciences in 1994, with Professor John Nash and Professor John
Harsanyi. Harsanyi’s analysis of Bayesian games was helped by the
suggestions of Selten, and in fact Harsanyi refers to the type agent
representation of Bayesian games as the Selten game. Selten is best
known for his fundamental work on extensive form games and their
transformation to strategic form through a representation called the
agent normal form. Selten is also widely known for his deep work
on bounded rationality. Furthermore, he is

regarded as a pioneer of experimental economics. Harsanyi and Selten, in their remarkable
book A General Theory of Equilibrium Selection in Games (MIT Press, 1988), develop a
general framework to identify a unique equilibrium as the solution of a given finite strategic
form game. Their solution can be thought of as a limit of an evolutionary process.

Selten was born in Breslau (currently in Poland but formerly in Germany) on October
5, 1930. He earned a doctorate in Mathematics from Frankfurt University, working with
Professor Ewald Burger and Wolfgang Franz. He is currently a Professor Emeritus at the
University of Bonn, Germany.

Definition 2.14 (Bayesian Game). A Bayesian game I is defined as a tuple

I'= <N7 (@i)a (Si)’ (pi)7 <u1)>

where

e N={I1,2,...,n} is a set of players.

e 0 is the set of types of player i where i = 1,2,...,n.

e S; is the set of actions or pure strategies of player i where i = 1,2,...,n.

e The probability function p; is a function from ; into A(@_;), the set of proba-

bility distributions over ©_;. That is, for any possible type 6; € ©;, p; specifies a
probability distribution p;(.|6;) over the set ©®_,; representing what player i would
believe about the types of the other players if his own type were 6;;

The payoff function ; : ® x § — R is such that, for any profile of actions and any
profile of types (0,s) € ©® x S, u;(0,s) specifies the payoff that player i would
get, in some von Neumann — Morgenstern utility scale, if the players’ actual
types were all as in 0 and the players all chose their actions according to s.

The notation for Bayesian games is described in Table 2.7.

Note 2.5. When we study a Bayesian game, we assume that

AW N =

. Each player i knows the entire structure of the game as defined above.

. Each player knows his own type 6; € 6.

. The above facts are common knowledge among all the players in N.

. The exact type of a player is not known deterministically to the other players who

however have a probabilistic guess of what this type is. The belief functions p;
describe these conditional probabilities. Note that the belief functions p; are also
common knowledge among the players.

Note 2.6. The phrases actions and strategies are used differently in the Bayesian
game context. A strategy for a player i in Bayesian games is defined as a mapping
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N |A setof players, {1,2,...,n}

®; |Set of types of player i

S; |Set of actions or pure strategies of player i

® |Set of all type profiles =@ x @ x ... x O,

6 |6=(6,...,6,) € O; atype profile

©_;(Set of type profiles of agents except i = 0O X ...0;_1 X Oj11 X ... X O,
6_; |6_; € O_;; a profile of types of agents except i
S |Set of all action profiles = S; x S x ... xS,
pi | A probability (belief) function of player i

A function from ©; into A(0_;)

u; |Utility function of player i; u; : @ x § — R

Table 2.7 Notation for a Bayesian game

from @; to S;. A strategy s; of a player i, therefore, specifies a pure action for each
type of player i; s;(6;) for a given 6; € ®; would specify the pure action that player
i would play if his type were 6;. The notation s;(.) is used to refer to the pure action
of player i corresponding to an arbitrary type from his type set .

Definition 2.15 (Consistency of Beliefs). We say beliefs (p;)ieny in a Bayesian
game are consistent if there is some common prior distribution over the set of type
profiles ® such that each player’s beliefs given his type are just the conditional
probability distributions that can be computed from the prior distribution by the
Bayes’ formula.

Note 2.7. If the game is finite, beliefs are consistent if there exists some probability
distribution P € A(®) such that
P(6;,60_))
(6.:16)) =
pl( l| ) Z P(el,l_,)
t_;€O_;

Ve,' €06; VG,,' €0O_;; Vi eN.

Consistency simplifies the definition of the model. The common prior on @ deter-
mines all the probability functions.

2.5.1 Examples of Bayesian Games

Example 2.22 (A Two Player Bargaining Game). This example is taken from the
book by Myerson [1]. There are two players, player 1 and player 2. Player 1 is the
seller of some object, and player 2 is a potential buyer. Each player knows what the
object is worth to himself but thinks that its value to the other player may be any
integer from 1 to 100 with probability 1—(1)0. Assume that each player will simultane-
ously announce a bid between 0 and 100 for trading the object. If the buyer’s bid is
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greater than or equal to the seller’s bid they will trade the object at a price equal to
the average of their bids; otherwise no trade occurs. For this game:

N ={1,2}
6, =6,={1,2, ...,100}
S; =8,={0,1,2, ... ,100}

1
p,-(9_i|6,-) =—VieN V(G,-ﬁ_,-) €0

100
M1(91,927S1,52): 51252_91 if 55 > 51
=0 if 55 < 51
s1+s2 .
u2(91,927S1,S2) =60, — if sp > 51
=0 if 5o <s7.

Note that the type of the seller indicates the willingness to sell (minimum price at

which the seller is prepared to sell the item), and the type of the buyer indicates the

willingness to pay (maximum price the buyer is prepared to pay for the item).
Also, note that the beliefs are consistent with the prior:

1
P(91,92) = m VO, €@, V6, € @

where
O, X@QZ{], 7100}><{17 ,100}.

Example 2.23 (Sealed Bid Auction). Consider a seller who wishes to sell an indi-
visible item through an auction. Let there be two prospective buyers who bid for
this item. The buyers have their individual valuations for this item. These valuations
could be considered as the types of the buyers. Here the game consists of the two
bidders, namely the buyers, so N = {1,2}. The two bidders submit bids, say s; and
5o for the item. Let us say that the one who bids higher is awarded the item with a
tie resolved in favor of bidder 1. The winner determination function therefore is:

fi(st,s2) = 1 if 51>
=0if 51 <

f2(S1,S2) =1if 51 <s
=0 if s1 > 5.

Assume that the valuation set for each buyer is the real interval [0, 1] and also that
the strategy set for each buyer is again [0, 1]. This means ®; = @, = [0,1] and §; =
S» = [0,1]. If we assume that each player believes that the other player’s valuation
is chosen according to an independent uniform distribution, then note that

pi([x.y]|6) =y—x VO<x<y<I; i=1,2.
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In a first price auction, the winner will pay what is bid by her, and therefore the
utility function of the players is given by

u,~(91,62,s1,s2) = f[(Sl,SQ)(Gi —S,’); i=1,2.

This completes the definition of the Bayesian game underlying a first price auction
involving two bidders. One can similarly develop the Bayesian game for the second
price sealed bid auction.

2.5.2 Type Agent Representation and the Selten Game

This is a representation of Bayesian games that enables a Bayesian game to be
transformed to a strategic form game (with complete information). Given a Bayesian
game

I'= <N7 (Gi)a (Si)7 (pi)7 (”l)>

the Selten game is an equivalent strategic form game
= (N, (57), (U)))-

The idea used in formulating a Selten game is to have fype agents. Each player in
the original Bayesian game is now replaced with a number of type agents; in fact, a
player is replaced by exactly as many type agents as the number of types in the type
set of that player. We can safely assume that the type sets of the players are mutually
disjoint. The set of players in the Selten game is given by:

N =[]o.
ieEN

Note that each type agent of a particular player can play precisely the same actions
as the player himself. This means that for every 6; € ©;,

From now on, we will use S* and S interchangeably whenever there is no confusion.

The payoff function Uy, for each 6; € ©; is the conditionally expected utility to
player i in the Bayesian game given that 6; is his actual type. It is a mapping with
the following domain and co-domain:

X x
Ug

o S;i — R.
" IEN 6;,€06; i

We will explain the way Uy, is derived using an example. This example is developed,
based on the illustration in the book by Myerson [1].



2.5 Bayesian Games 45

Example 2.24 (Selten Game for a Bayesian Pricing Game). Consider two firms,
company 1 and company 2. Company | produces a product x; whereas company
2 produces either product x, or product y,. The product x, is somewhat similar to
product x; while the product y, is a different line of product. The product to be
produced by company 2 is a closely guarded secret, so it can be taken as private
information of company 2. We thus have N = {1,2}, ©; = {x;}, and @ = {x2,y2}.
Each firm has to choose a price for the product it produces, and this is the strate-
gic decision to be taken by the company. Company 1 has the choice of choosing a
low price a; or a high price b; whereas company 2 has the choice of choosing a
low price a, or a high price b,. We therefore have S| = {a;,b; } and Sy = {az,b, }.
The type of company 1 is common knowledge since @, is a singleton. Therefore,
the belief probabilities of company 2 about company 1 are given by ps(x1|x2) =1
and py(xj|y2) = 1. Let us assume the belief probabilities of company 1 about com-
pany 2 to be p; (x2]x;) = 0.6 and p;(y2]x;) = 0.4. To complete the definition of the
Bayesian game, we now have to specify the utility functions. Let the utility func-
tions for the two possible type profiles 0; = x;, 6, = x» and 6; = x1, 6, = y; be
given as in Tables 2.8 and 2.9.

ar (1,210,
1

Table 2.8 u; and u; for ) =x1;0, =x»

1 (ar| by

b1(0,1]1, 2

Table 2.9 u; and u; for ) =x1;6, =y,

This completes the description of the Bayesian game. We now derive the equiv-
alent Selten game:

<NS7 (S9i) 0,€6; » (Uei) 6;c6; >

ieN ieN

We have

N°=01UB; = {x1,x2,y2}
S)C| :Sl :{al7b1}
sz = Syz = S2 = {az,bg}.

Note that
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UgiZS1 XS x8 —R Veie@i,VieN

S1 x 82 x 8, = {(ar,a2,a2), (a1,a2,b2), (a1,b2,a2), (ay,b2,b2), (by,a2,a2),
(b17a27b2)a(b17b27a2)7(b17b27b2)}'

The above set gives the set of all strategy profiles of all the type agents. A typical
strategy profile can be represented as (s, ,Sx,,Sy,). This could also be represented
as (s1(.),s2(.)) where the strategy s; is a mapping from ©; to S, and the strategy
s> is a mapping from ©, to S;. In general, for an n player Bayesian game, a pure
strategy profile is of the form

((S91>91€®1 ) (S92)626627'"’(sen)eneen)'

Another way to write this would be (s;(.),s2(.),...,8,(.)), where s; is a mapping
from ©; to S; fori =1,2,...,n.

The payoffs for type agents (in the Selten game) are obtained as conditional
expectations over the type profiles of the rest of the agents. For example, let us
compute the payoff Uy, (a1,az,az), which is the expected payoff obtained by type
agent x| (belonging to player 1 ) when this type agent plays action a; and the type
agents x, and y, of player 2 play the actions a, and a; respectively. In this case, the
type of player 1 is known, but the type of player could be x; or y, with probabilities
given by the belief function p;(.|x;). The following conditional expectation gives
the required payoff.

Uy, (a1,a2,a2) = pi(x2|xi)uy(x1,x2,a1,a2)
+p1(2lx1)ui(x1,y2,a1,a2)
= (0.6)(1)+(0.4)(1)
=0.6+04
=1.

Similarly, the payoff Uy, (a1, a2,b>) can be computed as follows.

Uy, (a1,a2,b2) = pi(x2|xi)ui(x1,x2,a1,a2)
+pi1(y2lx1)ui (x1,y2,a1,b2)
= (0.6)(1) +(0.4)(0)
=0.6.

It can be similarly shown that
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(2.3)
From the above, we see that

Uy, (a1,a2,b2) > Uy, (b1,a2,b2)
UXZ(ahaz,bz) > UXz(al,bz,bz)
Uy, (ai,a2,b2) > Uy, (ai,az,a2).
2.4)

From this, we can conclude that the action profile (a;,az,b;) is a Nash equilibrium
of the type agent representation.

2.5.2.1 Payoff Computation in Selten Game

From now on, when there is no confusion, we will use u instead of U. In general,
given: (1) a Bayesian game I' = (N, (0;),(S;), (p:), (u;)), (2) its equivalent Selten
game I'* = (N*,(Sg,), (Us,)), and (3) an action profile in the type agent representa-
tion of the form

((Sel )91691 ) (S92)92€@27 -+ (58,)8,c0,),

the payoffs ug, for 6; € ©; (i € N) are computed as follows.

u9i(59ivs—9i): Z pi(t*i|6i)ui(9i7t*ivsei’sf—i)

t_;€O_;

where s;_; is the strategy profile corresponding to the type agents in 7_;. A concise
way of writing the above would be:

ug,(se,,5—e;) = Eo_;[ui(6;,0_i,50,,50_,;)]-

The notation ug, refers to the utility of player i conditioned on the type being equal
to 6;. We will be using this notation frequently in this section. With this setup, we
now look into the notion of an equilibrium in Bayesian games.
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2.5.3 Equilibria in Bayesian Games

Definition 2.16 (Pure Strategy Bayesian Nash Equilibrium). A pure strategy
Bayesian Nash equilibrium in a Bayesian game

I'= <N7 (Gi)u (Si>7 (Pi), (ul)>

can be defined in a natural way as a pure strategy Nash equilibrium of the equivalent
Selten game. That is, a profile of type agent strategies

S* = ((521 )61661 ’ (S22)62€®27 tt (Sgn)ene(an)
is said to be a pure strategy Bayesian Nash equilibrium of " if Vi € N, V6; € ©;,
ue;(sp,, 5" g,) > ug,(si,5~q,) Vsi €.

Alternatively, a strategy profile (s7(.),s5(.),...,s:(.)) is said to be a Bayesian Nash
equilibrium if

ugi(s,’»‘(e,-),s’i,»(e,,-)) > ugi(si,s*,i(efi)) Vs; €8; V6, €0; VO_,€O@_; VieN.

Example 2.25 (Pure Strategy Bayesian Nash Equilibrium). Consider the example
being discussed. We make the following observations.

e When 0, = x», the strategy b is strongly dominated by a,. Thus player 2 chooses
ap when 92 = X32.

e When 6, = y,, the strategy a, is strongly dominated by b, and therefore player 2
chooses b, when 6, = y5.

e When the action profiles are (a;,az) or (by,b2), player 1 has payoff 1 regardless
of the type of player 2. In all other profiles, payoff of player 1 is zero.

e Since pj(xz]x;) = 0.6 and p;(ya]x;) = 0.4, player 1 thinks that the type x, of
player 2 is more likely than type y;.

The above arguments show that the unique pure strategy Bayesian Nash equilibrium
in the above example is given by:

* * ®
(sx] =ai,sy, = a2,sy, =b)

thus validating what we have already shown. Note that the equilibrium strategy for
company 1 is always to price the product low whereas for company 2, the equilib-
rium strategy is to price it low if it produces x, and to price it high if it produces
y2.

The above example also illustrates the danger of analyzing each matrix sepa-
rately. If it is common knowledge that player 2’s type is x, then the unique Nash
equilibrium is (aj,ay). If it is common knowledge that player 2 has type y,, then
we get (by,by) as the unique Nash equilibrium. However, in a Bayesian game, the
type of player 2 is not common knowledge, and hence the above prediction based
on analyzing the matrices separately would be wrong.
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Example 2.26 (Bayesian Nash Equilibrium of First Price Sealed Bid Auction). Con-
sider an auctioneer or a seller and two potential buyers as in Example 2.23. Here
each buyer submits a sealed bid, s; > 0 (i = 1,2). The sealed bids are looked at,
and the buyer with the higher bid is declared the winner. If there is a tie, buyer 1
is declared the winner. The winning buyer pays to the seller an amount equal to his
bid. The losing bidder does not pay anything.

Let us make the following assumptions:

1. 6y, 6, are independently drawn from the uniform distribution on [0, 1].

2. The sealed bid of buyer i takes the form s;(6;) = 0;6;, where ; € [0,1]. This
assumption implies that player i bids a fraction ¢; of his value; this is a reasonable
assumption that implies a linear relationship between the bid and the value.

Buyer 1’s problem is now to bid in a way to maximize his expected payoff:

max(6; —s1)P{s2(62) < s1}.
51 20

Since the bid of player 2 is s2(62) = @260, and 6, € [0, 1], the maximum bid of buyer
2 is 0. Buyer 1 knows this and therefore s; € [0, o). Also,

P{s:(62) <s1} = P{06r <3}
S1
{6 < ocz}

= ;—1 (since 6 is uniform over [0, 1]).
2

Thus buyer 1’s problem is:

s1
max (91 —S])f.
516[0,062] (07)

The solution to this problem is

%91 if lel <o
oy if 29] > 0.

51 (91) = {
We can show on similar lines that

1 Er|
560, if 56, <

g) = 2213
Sz( 2) {061 1f%92>061.

Letogy =0 = % Then we get

0
S](Q])Z?] V@]E@]Z[O,l]

)
52(6,) = 72 V6, e0,=[0,1].
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Note that if 5,(6;) = %, the best response of buyer 1 is s1(0;) = % and vice-versa.
Hence the profile (71, %) is a Bayesian Nash equilibrium.

2.5.4 Dominant Strategy Equilibria

The dominant strategy equilibria of Bayesian games can again be defined using the
Selten game representation.

Definition 2.17 (Strongly Dominant Strategy Equilibrium). Given a Bayesian
game
I'= <N7 (®i)a (Si)v (pi)7 (ul)>

*
n

a profile of type agent strategies (s7(.),s5(.),...,s
inant strategy equilibrium if

(1)) is said to be a strongly dom-

g, (57 (6:),5-i(6-i)) > ug,(si,5-i(6-;))
Vs; € §; \ {s,*(G,)}, VS_,'(O_,') €S ;, V6, €0;, VO_;€0_;, VieN.

Definition 2.18 (Weakly Dominant Strategy Equilibrium). A profile of type agent
strategies (s7(.),53(.),...,s5(.)) is said to be a weakly dominant strategy equilibrium
if
ug, (57 (6;),5-i(6-i)) > ue,(si,s-i(6-7))
Vs; € §;, Vs_,-(O_,-) €S ;, V6, €0;, VO_;€0_;, VieN
and strict inequality satisfied for at least one s; € S;.

Note 2.8. The notion of dominant strategy equilibrium is independent of the belief
functions, and this is what makes it a very powerful notion and a very strong prop-
erty. The notion of a weakly dominant strategy equilibrium is used extensively in
mechanism design theory to define dominant strategy implementation of mecha-
nisms.

Example 2.27 (Weakly Dominant Strategy Equilibrium of Second Price Auction).
We have shown above that the first price sealed bid auction has a Bayesian Nash
equilibrium. Now we consider the second price sealed bid auction with two bidders
and show that it has a weakly dominant strategy equilibrium. Let us say buyer 2
announces his bid as éz. There are two cases.

1. 6; > Qz.
2.0, < 6,.

Case 1: 6, > 6,

Let 6, be the announcement of buyer 1. Here there are two cases.
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o If él > éz, then the payoff for buyer 1 is 6; — éz > 0.
e If 8; < 6,, then the payoff for buyer 1 is 0.
e Thus in this case, the maximum payoff possible is 8; — 6, > 0.

If 6; = 6; (that is, buyer 1 announces his true valuation), then payoff for buyer 1 is
6, — 6, which happens to be the maximum possible payoff as shown above. Thus
announcing 0 is a best response to buyer 1 whatever the announcement of buyer 2.

Case 2: 6; < 92

Here again there are two cases: él > éz and él < éz.

o If él > ég, then the payoff for buyer 1 is 6; — éz, which is negative.
e If 6; < 6,, then buyer 1 does not win and payoff for him is zero.
e Thus in this case, the maximum payoff possible is 0.

If 6, = 6,, payoff for buyer 1 is 0. By announcing @) = 6, his true valuation, buyer
1 gets zero payoff, which in this case is a best response.
We can now make the following observations about this example.

e Bidding his true valuation is optimal for buyer 1 regardless of what buyer 2 an-
nounces.

e Similarly bidding his true valuation is optimal for buyer 2 whatever the an-
nouncement of buyer 1.

e This means truth revelation is a weakly dominant strategy for each player, and
(61,6,) is a weakly dominant strategy equilibrium.

2.6 The Mechanism Design Environment

Mechanism design is concerned with how to implement system-wide solutions to
problems that involve multiple self-interested agents, each with private information
about their preferences. A mechanism could be viewed as an institution or a frame-
work of protocols that would prescribe particular ways of interaction among the
agents so as to ensure a socially desirable outcome from this interaction. Without
the mechanism, the interaction among the agents may lead to an outcome that is far
from socially optimal. One can view mechanism design as an approach to solving
a well-formulated but incompletely specified optimization problem where some of
the inputs to the problem are held by the individual agents. So in order to solve the
problem, the social planner needs to elicit these private values from the individual
agents.

The following provides a general setting for formulating, analyzing, and solving
mechanism design problems.

e There are n agents, 1,2, ..., n, with N = {1,2, ..., n}. The agents are rational
and intelligent.
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e Xis aset of alternatives or outcomes. The agents are required to make a collective
choice from the set X.

e Prior to making the collective choice, each agent privately observes his pref-
erences over the alternatives in X. This is modeled by supposing that agent i
privately observes a parameter or signal 6; that determines his preferences. The
value of 6; is known to agent i and is not known to the other agents. 6; is called a
private value or type of agent i.

e We denote by ©; the set of private values of agent i, i = 1,2, ..., n. The set of all
type profiles is given by @ = @) x ... x 0,. A typical type profile is represented
as 0 =(0y, ..., 6,).

e It is assumed that there is a common prior distribution @ € A(®). To maintain
consistency of beliefs, individual belief functions p; that describe the beliefs that
player i has about the type profiles of the rest of the players can all be derived
from the common prior.

e Individual agents have preferences over outcomes that are represented by a utility
function u; : X X ©; — R. Given x € X and 6; € 0}, the value u;(x, 6;) denotes the
payoff that agent i having type 6; € ©; receives from a decision x € X. In the
more general case, u; depends not only on the outcome and the type of player i,
but could depend on the types of the other players also, so u; : X x @ — R. We
restrict our attention to the former case in this monograph since most real-world
situations fall into the former category.

e The set of outcomes X, the set of players N, the type sets ©; (i = 1,---,n), the
common prior distribution @ € A(®), and the payoff functions u; (i =1,--- ,n)
are assumed to be common knowledge among all the players. The specific value
0, observed by agent i is private information of agent i.

Social Choice Functions

Since the agents’ preferences depend on the realization of their types 6 = (6y,---,6,),
it is natural to make the collective decision to depend on 8. This leads to the defini-
tion of a social choice function.

Definition 2.19 (Social Choice Function). Given a set of agents N = {1,2,...,n},
their type sets @1,0»,...,0,, and a set of outcomes X, a social choice function is a
mapping

[0 X x0, - X

that assigns to each possible type profile (6,65, ...,6,) a collective choice from the
set of alternatives.

Example 2.28 (Shortest Path Problem with Incomplete Information). Consider a
connected directed graph with a source vertex and destination vertex identified. Let
the graph have n edges, each owned by a rational and intelligent agent. Let the set
of agents be denoted by N = {1,2,...,n}. Assume that the cost of the edge is pri-
vate information of the agent owning the edge and let 6; be this private information
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for agent i (i = 1,2,...,n). Let us say that a social planner is interested in finding
a shortest path from the source vertex to the destination vertex. The social planner
knows everything about the graph except the costs of the edges. So, the social plan-
ner first needs to extract this information from each agent and then find a shortest
path from the source vertex to the destination vertex. Thus there are two problems
facing the social planner, which are described below.

Preference Elicitation Problem

Consider a social choice function f: @ x ... x @, — X. The types 61,--- , 6, of the
individual agents are private information of the agents. Hence for the social choice
f(6y,---,6,) to be chosen when the individual types are 6y, , 8,, each agent must
disclose its true type to the social planner. However, given a social choice function
f, a given agent may not find it in its best interest to reveal this information truth-
fully. This is called the preference elicitation problem or the information revelation
problem. In the shortest path problem with incomplete information, the preference
elicitation problem is to elicit the true values of the costs of the edges from the
respective edge owners.

Preference Aggregation Problem

Once all the agents report their types, the profile of reported types has to be trans-
formed to an outcome, based on the social choice function. Let 6; be the true
type and 6; the reported type of agent i (i = 1,...,n). The process of computing
f(B1,...,6,) is called the preference aggregation problem. In the shortest path prob-
lem with incomplete information, the preference aggregation problem is to compute
a shortest path from the source vertex to the destination vertex, given the structure of
the graph and the (reported) costs of the edges. The preference aggregation problem
is usually an optimization problem. Figure 2.1 provides a pictorial representation of
all the elements making up the mechanism design environment.

Direct and Indirect Mechanisms

One can view mechanism design as the process of solving an incompletely specified
optimization problem where the specification is first elicited and then the underlying
optimization problem is solved. Specification elicitation is basically the preference
elicitation or type elicitation problem. To elicit the type information from the agents
in a truthful way, there are broadly two kinds of mechanisms, which are aptly called
indirect mechanisms and direct mechanisms. We define these below. In these defi-
nitions, we assume that the set of agents N, the set of outcomes X, the sets of types
0y,...,0,, acommon prior ® € A(@), and the utility functions u; : X X @; — R are
given and are common knowledge.
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Individual Type Sets

Individual Types

Reported Types

} Social Choice Function

Outcome

v v

U Xx8 >R } [ U Xx8, >R ] [ U,,ZXx@n%R} Utility Functions

| | |

@ Utility Values

Fig. 2.1 Mechanism design environment

Definition 2.20 (Direct Mechanism). Given a social choice function f : @ x &, X
... X 0, — X, adirect (revelation) mechanism consists of the tuple (@;,0;,...,0,, f(.)).

The idea of a direct mechanism is to directly seek the type information from the
agents by asking them to reveal their true types.

Definition 2.21 (Indirect Mechanism). An indirect (revelation) mechanism con-
sists of a tuple (S1,S2,...,5,,8(.)) where S; is a set of possible actions for agent i
(i=1,2,...,n)and g: S1 x S2 x ... xS, — X is a function that maps each action
profile to an outcome.

The idea of an indirect mechanism is to provide a choice of actions to each agent and
specify an outcome for each action profile. This induces a game among the players
and the strategies played by the agents in an equilibrium of this game will indirectly
reflect their original types.

In the next four sections of this chapter, we will understand the process of mech-
anism design in the following way. First, we provide an array of examples to un-
derstand social choice functions and to appreciate the need for mechanisms. Next,
we understand the process of implementing social choice functions through mecha-
nisms. Following this, we will introduce the important notion of incentive compati-
bility and present a fundamental result in mechanism design, the revelation theorem.
Then we will look into different properties that we would like a social choice func-
tion to satisfy.
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2.7 Examples of Social Choice Functions

Example 2.29 (Technology Driven Supplier Selection). Suppose there is a buyer
who wishes to procure a certain volume of an item that is produced by two suppliers,
call them 1 and 2. We have N = {1,2}. Supplier 1 is known to use technology a;
to produce these items, while supplier 2 uses one of two possible technologies, a
high end technology a; and a low end technology b,. The technology a, is known
to be superior to a; also. The technology elements could be taken as the types of the
suppliers, so we have @) = {a;}; 0, = {az,by}. See Figure 2.2.

Supplier 1
Technology a
Buyer Supplier 2
Technology a,
Social Planner
Technology b,

Fig. 2.2 A sourcing scenario with one buyer and two suppliers

Let us define three outcomes (alternatives) x,y,z for this situation. The alterna-
tive x means that the entire volume required is sourced from supplier 1 while the
alternative z means that the entire volume required is sourced from supplier 2. The
alternative y indicates that 50% of the requirement is sourced from supplier 1 and
the rest is sourced from supplier 2.

Since the buyer already has a long-standing relationship with supplier 1, this
supplier is the preferred one. However, because of the superiority of technology a»
over a; and by, the buyer would like to certainly source some quantity from supplier
2 if it is known that supplier 2 is guaranteed to use technology a,. To reflect these
facts, we assume the payoff functions to be given by:

ui(x,a1) =100; u;i(y,a1) =50; uj(z,a;)=0

ur(x,a2) =05 uz(y,az) =50; uz(z,a2) = 100
up(x,02) = 0; up(y,b2) =50; uz(z,bp) =25.
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Note that ® = {(aj,az), (a1,b2)}. Consider the social choice function f(a;,a2) =y
and f(aj,by) = x. This means that when it is guaranteed that supplier 2 will use
technology a», the buyer would like to procure from both the suppliers, whereas if
it is known that supplier 2 uses technology b, the buyer would rather source the
entire requirement from supplier 1.

Likewise, there are eight other social choice functions that one can define here.
These are:

flar,a2) =x; f(ar,br) =x
flar,a) =x; flai,by) =y
flar,a2) =x; flar,b2) =z
flar,a2) =y; flai,b2) =y
flar,a2) =y; fla1,b2) =z
f(al,az) (ahbg) =X
( ) ( )=y

z

It would be interesting to look at the implications of these social choice functions.
We will return to this example later on, in many different contexts.

Example 2.30 (Procurement of a Single Indivisible Resource). Procurement is a
ubiquitous activity in any organization. Every organization procures a variety of
direct and indirect materials. For example, a factory procures raw material or sub-
assemblies from a pool of suppliers. In a computational grid, a grid user procures
computational or storage resources from the grid. A network user procures network
resources. A dynamic supply chain planner procures supply chain service providers.
Every organization procures indirect materials such as office supplies and services.

Selling
:N Agent 1
/ Type = O =101
Buying N AN
CH) Agent k
Type=0, »
: Selling
. @ Agent 2
Ticket Allocator ) Type = 6 0,=1[0,1]

Fig. 2.3 Procurement with two suppliers
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The generic procurement situation involves a buyer, a pool of suppliers, and items
to be procured. We consider a simple abstraction of the problem by considering a
buying agent (call the agent 0) and two selling agents (call them 1 and 2), so we
have N = {0,1,2}. See Figure 2.3. An indivisible item or resource is to be procured
from one of the sellers in return for a monetary consideration. An outcome here can
be represented by x = (yo,y1,¥2,%0,1,12). For i = 0, we have

yo = 0 if the buyer buys the good
=1 otherwise
to = monetary transfer received by the buyer.

Fori=1,2, we have

yi = 1 if agent i supplies the good to the buyer
= 0 if agent i does not supply the good
t; = monetary transfer received by the agent i.

The set X of all feasible outcomes is given by

2 2
X = {(yanlayZaIOatlaIZ) Vi S {Oa 1},23’1 = lvti S R7Zti S O}
i=0 i=0

The constraint ;#; < 0 implies that the total money received by all the agents is less
than or equal to zero. That is, total money paid by all the agents is greater than or
equal to zero (that is, buyer pays at least as much as the sellers receive. The excess
between the payment and receipts is the surplus). For x = (yo,y1,v2,%0,1,2), define
the utilities to be of the form:

ui(x7 Gl) = “i(()’O7)’la)’2af0aflat2)761') = _yi6i+ti 5 i= 1,2

where 6; € R can be viewed as seller i’s valuation of the good. Such utility functions
are said to be of quasilinear form (because it is linear in some of the variables and
possibly non-linear in the other variables). We will be studying such utility forms
quite extensively in this chapter.

We make the following assumptions regarding valuations.

e The buyer has a known value 6y for the good. This valuation does not depend on
the choice of the seller from whom the item is purchased.

e Let ®; be the real interval [@,m The types 0; and 6, of the sellers are drawn
independently from the interval [6;, 6;] and this fact is common knowledge among
all the players. The type of a seller is to be viewed as the willingness to sell
(minimum price below which the seller is not interested in selling the item).

Consider the following social choice function.

e The buyer buys the good from the seller with the lowest willingness to sell. If
both the sellers have the same type, the buyer will buy the object from seller 1.
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e The buyer pays the selected selling agent his willingness to sell.

The above social choice function f(6) = (yo(0),y1(0),y2(0),20(0),11(0),1:(0))

can be precisely written as

yo(60) =0 V6
¥i(8) =1 if6 <6
=0 if6, > 6,
»n(O)=1 if6, > 6,
=0 if6, <6,

1(0) = 61 y1(0)

We will refer to the above SCF as SCF-PROCI in the sequel.

Suppose we consider another social choice function, which has the same allo-
cation rule as the one we have just studied but has a different payment rule: The
buyer now pays the winning seller a payment equal to the second lowest willingness
to sell (as usual, the losing seller does not receive any payment). The new social
choice function, which we will call SCF-PROC?2, will be the following.

yo(6) =0 V6

@) =1 if6 <6
=0 otherwise

() =1 if 6; > 6,
=0 otherwise

1(6) = 62 y1(6)

1(0) = 61 y2(0)

10(0) = —(11(0) +12(6)).

Let us define one more SCF, which we call SCF-PROC3, in the following way. SCF-
PROC3 has the allocation rule as SCF-PROC1 and SCF-PROC?2, but the payments
are defined as:

n(®) = 52 o)
n(6) = 52 52(6)

10(0) = —(11(0) +12(6)).

The reason for defining the payment rule in the above way will become clear in
the next section, where we will discuss the implementability of SCF-PROC1, SCF-
PROC?2, and SCF-PROCS3.
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Example 2.31 (Funding a Public Project). There is a set of agents N = {1,2,...,n}
who have a stake in a common infrastructure, for example, a bridge, community
building, Internet infrastructure, etc. For example, the agents could be firms forming
a business cluster and interested in creating a shared infrastructure. The cost of the
project is to be shared by the agents themselves since there is no source of external
funding. Let k = 1 indicate that the project is taken up, with k = 0 indicating that the
project is dropped. Let #; € R denote the payment received by agent i (which means
—t; is the payment made by agent i) for each i € N. Let the cost of the project be C.
Since the agents have to fund the project themselves,

C<-Yrp ifk=1
ieEN

If k = 0, we have

0< —Zti

i€N
Combining the above two possibilities, we get the condition
Y i <—kC: ke{0,1}.
ieN
Thus, a natural set of outcomes for this problem is:
X={(k,t1,....tn) :k€{0,1}, ERVIEN, Y 1; < —kC.}
ieN

We assume the utility of agent i, when its type is 6; corresponding to an outcome
(k,11,12,...,t,) to be given by

M,'((k,ll,.. . ,tn),G,-) =kO6; +1t;.

The type 6; of agent i has the natural interpretation of being the willingness to pay
of agent i (maximum amount that agent i is prepared to pay) towards the project. A
social choice function in this context is f(0) = (k(6),#,(0),...,1,(0)) given by

1if ¥ 6;,>C
9 = ieEN
0 otherwise

1(0) = — (k(Gn)C) )

The way k() is defined ensures that the project is taken up only if the combined
willingness to pay of all the agents is at least the cost of the project. The definition
of ;(6) above follows the egalitarian principle, namely that the agents share the cost
of the project equally among themselves.
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Example 2.32 (Bilateral Trade). Consider two agents 1 and 2 where agent 1 is the
seller of an indivisible private good and agent 2 is a prospective buyer of the good.
See Figure 2.4. An outcome here is of the form x = (y1,y2,1,72) where y; = 1 if

Exchange
Selling 3 Buying
Agent . Agent
(g;n Social f;n
1 Planner 2

Fig. 2.4 A bilateral trade environment

agent i gets the good and #; denotes the payment received by agent i (i = 1,2). A
natural set of outcomes here is

X= {()’17)’27f17t2) ) +)’2 — 17 Vi, )2 S {071}7 1 +t2 SO}

The condition #; +#; < 0 indicates that the the amount paid by the buyer should
be at least equal to the amount received by the seller (the surplus could perhaps be
retained by a market maker or mediator). The utility of the agent i (i = 1,2) would
be of the form

ui(y1,y2,11,12), 6;) = yi0; + ;.

The type 0; of agent 1 (seller) can be interpreted as the willingness to sell of
the agent (minimum price at which agent 1 is willing to sell). The type 6, of
agent 2 (buyer) has the natural interpretation of willingness to pay (maximum
price the buyer is willing to pay). A social choice function here would be f(6) =
(y1(0),y2(0),11(0),12(0)) defined as

yi(01,6)=1 6, >6,
=0 6,<6,
»2(01,6,)=1 6, <6,
=0 6, >6,

0, +06
11(61,62) = y2(01,6) 12 2

01+ 6,

1(61,62) = —y2(601,6,) -

Example 2.33 (Network Formation Problem). Consider a supply chain network sce-
nario where a supply chain planner (SCP) is interested in forming an optimal net-
work for delivering products/services. Multiple service providers or supply chain
partners are needed for executing the end-to-end process. The directed graph shown
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Intermediate stage

SP,

Terminal stage

Starting stage

Intermediate stage

Fig. 2.5 A graph representation of network formation

in Figure 2.5 describes different possible ways in which the supply chain can be
formed. The node S denotes the starting stage, and the node 7" denotes the terminal
stage in the supply chain. SP;,SP»,...,SPs denote the service providers. They own
the respective edges of the directed graph. The nodes A and B are two intermediate
stages in the supply chain process. Each path in the network from S to 7' corre-
sponds to a particular way in which the supply chain network can be formed. For
example, (SP;,SPs,SPy) is a path from S to 7 and this is one possible solution to
the supply chain formation problem. Each service provider has a service cost that
is private information of the provider. The problem facing the supply chain planner
here is to determine the network of service providers who will enable forming the
supply chain at the least cost. Since the private values of the service providers are
not known, the supply chain planner is faced with a mechanism design problem.

A situation such as described above occurs in many other settings. The first ex-
ample is a logistics network scenario where S denotes the source, T denotes the
destination, and the nodes A and B denote two separate logistics hubs. The edges
denote the connectivity between logistics hubs, the source, and the destination. The
service providers here are logistics providers who own the transportation service
on the edges. Another example is a procurement network scenario where the ser-
vice providers correspond to suppliers. One more example is that of a telecom net-
work where the service providers could correspond to Internet/bandwidth service
providers, and the nodes correspond to cities.

For this example, we have N = {SCP,SP},...,SPs}. For brevity, we will call this
set {0,1,2,3,4,5,6}, where O is the supply chain planner and 1,2,...,6 are the
service providers. Let us assume the type sets to be:

G ={60}; ©;=[6,6] CR Vie{l,2,...,6}.
An outcome is of the form (yo,y1,...,Y6,%0,11,- - -,16) Where

yo = 1 if the supply chain planner buys a path from S to T’
= 0 otherwise.
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Fori=1,...,6,
yi = 1 if SP; is part of the supply chain formed
= 0 otherwise
t; = payment received by service provider SP,.

Note that —7y, the payment required to be made by the supply chain planner is just
the sum of 71, ...,%. The set of outcomes in this example is given by

X = {(yo,yl,...,y6,l‘0,l‘1,...,l‘6) 1y € {0, 1} Vi€ N;
{SP, € N\ {0} : y; =1} forms a path from S to T;
L ERVIEN; 1y=—-Y5  1}.

A social choice function in this problem is given by

f(8) = (30(0),51(8),...,56(0),0(0),11(6),....16(0))
yo(0)=1 V6 €0O.
Fori=1,2,...,6,V0 €0,

vi(0) =1 if SP, is part of a shortest cost path
from S to T selected by the supply chain planner
0 otherwise

1(0) = payment received by SP; i =1,2,...,6

10(6) = —X,1(6)

ui(f(0),6:) = ui(yo(0),...,56(0),20(0),...,t6(6);6;)
= 1(0)—i(0)6;.

0; is to be viewed as the willingness to sell of the agent i where i = 1,2,...,6.

2.8 Implementation of Social Choice Functions

In the preceding section, we have seen a series of examples of social choice func-
tions. In this section, we motivate, through illustrative examples, the concept of
implementation of social choice functions. We then formally define the notion of
implementation through direct mechanisms and indirect mechanisms.

2.8.1 Implementation Through Direct Mechanisms

We first provide examples to motivate implementation by direct mechanisms.

Example 2.34 (Technology driven Supplier Selection). Recall Example 2.29 where
N=1{1,2}; O ={a1};, ® = {az,b2} and O = {(a1,a2),(a1,b2)}. Suppose the
social planner (in this case, the buyer) wishes to implement the social choice func-
tion f with f(aj,a2) =y and f(a;,by) = x. Announcing this as the social choice
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function, let us say the social planner asks the agents to reveal their types. Agent
1 has nothing to reveal since his type is common knowledge (as his type set is a
singleton). We will now check whether agent 2 would be willing to truthfully reveal
its type.

e If 6, =ay, then, because f(aj,a2) =y and f(ay,by) =xand ua (y,az) > ua(x,az),
agent 2 is happy to reveal a, as its type.

e However if 6, = by, then because uy(y,by) > uy(x,by) and f(ay,by) = x, agent
2 would wish to lie and claim that its type is a, and not b;.

Thus though the social planner would like to implement an SCF f(-), the social
planner would be unable to implement the above SCF since one of the agents (in
this case agent 2) does not find it in his best interest to reveal his true type.

On the other hand, let us say the social planner wishes to implement the social
choice function f given by f(aj,a2) =z and f(a;,by) = y. One can show in this
case that the SCF can be implemented. Table 2.10 lists all the nine SCFs and their
implementability.

SCF Implementable
flar,a2)|fla1,b2)
X X Vv
x y X
x Z x
y X X
y y v
y z X
z x X
z y v
z z N

Table 2.10 Social choice functions and their implementability

Example 2.35 (Implementability of SCF-PROCI). Recall the social choice function
SCF-PROCT that we introduced in the context of procurement of a single indivisible
resource (Example 2.30). Recall the definition of SCF-PROCI:

¥0(6) =0 v
yi(0) =1 if6 <6,
=0 if6, > 6,
y2(6) =1 if6, >6,
=0 if6, <6,

1(8) = 01 y1(0)
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We note that the social choice function is very attractive to the buyer since the buyer
will capture all of the consumption benefits that are generated by the good. We
assume that 6; and 6, are drawn independently from a uniform distribution over
[0,1]. Now we ask the question: Can we implement this social choice function? The
answer for this question is no. The following analysis shows why.

Let us say seller 2 announces his true value 6,. Suppose the valuation of seller
1 is 61, and he announces él. If 6, > él, then seller 1 is the winner, and his utility
will be él —60,.1f 6, < él , then seller 2 is the winner, and seller 1’s utility is zero.
Since seller 1 wishes to maximize his expected utility he solves the problem

m;lx(él —6,) P{6, > él}
0

Since 6, is uniformly distributed on [0,1],
P{6; >0} =1-P{6,<6,}=1-6,.
Thus seller 1 tries to solve the problem:

max (8 — 6;)(1— ).

0
This problem has the solution
b — 146,
1=
Thus if seller 2 announces his true valuation, then the best response for seller 1 is to

announce 1+7291 .

Similarly if seller 1 announces his true valuation 6y, then the best response of
seller 2 is to announce %. Thus there is no incentive for the sellers to announce
their true valuations. So, a social planner who wishes to realize the above social
choice function finds the rational players will not report their true private values.
Thus the social choice function cannot be implemented through a direct mechanism.

Example 2.36 (Implementability of SCF-PROC2). Recall the social choice function
SCF-PROC?2, again in the context of procurement of a single indivisible resource
(Example 2.30):

Yo(6) =0 o

yi(@)=1 if6, <6,
=0 if6, > 6,

y2(6) =1 if6; > 6,
=0 if6, <6,

1(0) = 6,y1(0)
©(0) = 61 y2(0)
t0(0) = —(11(0) +12(0)).
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We now show that the function SCF-PROC2 can be implemented. Let us say seller
2 announces his valuation as 6,. There are two cases.

1.6, < Qz
2. 6; > 06,.

Case 1: 6, < éz

Let él be the announcement of seller 1. Here there are two cases.

o If él < éz, then the payoff for seller 1 is éz —6;>0.
o If 6; > 6,, then the payoff for seller 1 is 0.
e Thus in this case, the maximum payoff possible is 6, — 6; > 0.

If él = 0 (that is, seller 1 announces his true valuation), then payoff for seller 1 is
6, — 6;, which happens to be the maximum possible payoff as shown above. Thus
announcing 6 is a best response to seller 1 whatever the announcement of seller 2.

Case 2: 6, > éz

Here again there are two cases: él < éz and él > éz.

o If él < éz, then the payoff for seller 1 is éz — 01, which is negative.
e If 6; > 6,, then seller 1 does not win, and payoff for him is zero.
e Thus in this case, the maximum payoff possible is 0.

If él = 01, payoff for seller 1 is 0. By announcing él = 0y, his true valuation, seller
1 gets zero payoff, which in this case is a best response.
We can now make the following observations about this example.

e Revealing his true valuation is optimal for seller 1 regardless of what seller 2
announces.

e Similarly, announcing his true valuation is optimal for seller 2 whatever the an-
nouncement of seller 1.

e More formally, truth revelation is a weakly dominant strategy for each player.

e Thus this social choice function can be implemented even though the valua-
tions are private values. We simply ask each seller to report his type and then
we choose f(6).

2.8.2 Implementation Through Indirect Mechanisms

The examples above have shown us a possible way in which to try to implement a
social choice function. The protocol we followed for implementing the social choice
functions was:



66 2 Foundations of Mechanism Design

e Ask each agent to reveal his or her types 6;;
e Given the announcements (6, ..., 6,), choose the outcome x = f(6y, ..., 6,) €
X.

Such a method of trying to implement an SCF is referred to as a direct revelation
mechanism. Another approach to implementing a social choice function is the in-
direct way. Here the mechanism makes the agents interact through an institutional
framework in which there are rules governing the actions the agents would be al-
lowed to play and in which there is a way of transforming these actions into a social
outcome. The actions the agents choose will depend on their private values and
become the strategies of the players. Auctions provide an example of indirect mech-
anisms. We provide an example right away.

Example 2.37 (First Price Procurement Auction). Consider an auctioneer or a
buyer and two potential sellers as before. Here each seller submits a sealed bid,
b; > 0 (i = 1,2). The sealed bids are examined and the seller with the lower bid is
declared the winner. If there is a tie, seller 1 is declared the winner. The winning
seller receives an amount equal to his bid from the buyer. The losing seller does not
receive anything.

Note that there is a subtle difference between the situations in Example 2.35
and Example 2.37. In Example 2.35 (direct mechanism), each seller is asked to
announce his type, whereas in Example 2.37 (indirect mechanism), each seller is
asked to submit a bid. The bid submitted may (and will) of course depend on the
type. Based on the type, the seller has a strategy for bidding. So it becomes a game.

Let us make the following assumptions:

1. 01, 6, are independently drawn from the uniform distribution on [0, 1].

2. The sealed bid of seller i takes the form b;(6;) = 0;0; + f3;, where o; € [0, 1], 3; €
[0,1 — oy]. He has to make sure that b; € [0, 1]. The term f; is like a fixed cost
whereas ¢;6; indicates a fraction of the true cost.

Seller 1’s problem is now to bid in a way to maximize his payoft:

max (b; — 0))P{b(6;) > b}

126,20

P{by(6,) > b1} = 1—P{b2(6,) < b}
=1 —P{Otz@z—‘rﬁz < bl}

by —
_ it > B 2.5)

(05

since 6, is uniform over [0, 1]
= 1if by < Bo. (2.6)
Thus seller 1’s problem is:
by —
max (b, — 6;)(1 — 17132).

b1>B (2%)
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The solution to this problem is

o+ 0
b1(6)) = 22ﬁ2+7‘. 2.7)
We can show on similar lines that
a;+ ¢
by(6,) = lTﬁl+72 2.8)

As the bid of seller i takes the form b;(6;) = o;6; + B;, where o; € [0, 1], 5; € [0,1 —
0;], from the equations (2.7) and (2.8), we obtain o = o = % As the goal of each
seller is to maximize the profit and B; € [0,1 — ], Bi = B2 = 4. Then we get

146,

bi(6r) = — V6 €0,=10,1]
1+06
by(6) = +2 2 Ve ed, =1
Note that if by(6,) = #, the best response of seller 1 is b;(0;) = @ and vice-
versa. Hence the profile (#, @) is a Bayesian Nash equilibrium of an under-

lying Bayesian game. In other words, there is a Bayesian Nash equilibrium of an
underlying game (induced by the indirect mechanism called the first price procure-
ment auction) that (indirectly) yields the outcome

f(8) = (y0(6),y1(0),y2(0),%(6),11(0),12(0))

such that
yo(0) =0 VOe®
y1(6) =1 if0; <6
=0 else
yz(e) =1 if 6; > 6,
=0 else
1+6
1(0) = ——y1(0)
1+6
n(0) = —5—y2(0)

10(68) = —(11(8) +12(6)).
The above SCF is precisely SCF-PROC3 that we had introduced in Example 2.30.

Example 2.38 (Second Price Procurement Auction). Here, each seller is asked to
submit a sealed bid b; > 0. The bids are examined, and the seller with the lower
bid is declared the winner. In case there is a tie, seller 1 is declared the winner. The
winning seller receives as payment from the buyer an amount equal to the second
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lowest bid. The losing bidder does not receive anything. In this case, we can show
that b;(6;) = 6; for i = 1,2 constitutes a weakly dominant strategy for each player.
The arguments are identical to those in Example 2.36.

Thus the game induced by the indirect mechanism second price procurement
auction has a weakly dominant strategy in which the social choice function SCF-
PROC?2 is implemented.

We can summarize the findings of the current section so far in the following way.

e The function SCF-PROCI cannot be implemented.

e The function SCF-PROC2 can be implemented in dominant strategies by a di-
rect mechanism. Also, the indirect mechanism, namely second price procurement
auction, implements SCF-PROC?2 in dominant strategies.

e The function SCF-PROC3 is implemented in Bayesian Nash equilibrium by an
indirect mechanism, the first price procurement auction.

2.8.3 Bayesian Game Induced by a Mechanism

Recall that a mechanism is an institution or a framework with a set of rules that
prescribe the actions available to players and specify how these action profiles are
transformed into outcomes. A mechanism specifies an action set for each player.
The outcome function gives the rule for obtaining outcomes from action profiles.
Given:

1. asetofagents {1,2, ..., n},

2. typesets O, ..., O,

3. acommon prior ¢ € A(O),

4. aset of outcomes X,

5. utility functions uy, ..., u,, withu; : X X @; — R,

amechanism M = (Sy, ..., Sy, g(.)) induces a Bayesian game
(N7 (@i)> (Si)ﬂ (pi>7 (Ui))

among the players where

Ui(617 K} enaslv (ERE} sl’l) :ui(g(S17 LERE sn),ei)'

Strategies in the Induced Bayesian Game

A strategy s; for an agent i in the induced Bayesian game is a function s; : ®; — ;.
Thus, given a private value 6; € @;, s;(6;) will give the action of player i. The strategy
si(.) will specify actions corresponding to private values. In the auction scenario, the
bid b; of player i is a function of his valuation ;. For example, b;(6;) = ¢;6; + f; is
a particular strategy for player i.
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Figure 2.6 captures the idea behind an indirect mechanism and the Bayesian

game that is induced by an indirect mechanism.

Induced Bayesian Game 1*=(N, (6)_,. (). #). (1))

(&)
@:} géj) Outcome Rule of the
Social Choice Function Q‘} ‘ Indirect Mechanism
f:Ex-x0, X
xe X)
f@. --.6) = X = as(4). - 5,(6,))

Fig. 2.6 The idea behind implementation by an indirect mechanism

Example 2.39 (Bayesian Game Induced by First Price Procurement Auction). First,
note that N = {0,1,2}. The type sets are @y, ®;,0,, and the common prior is ¢ €

A(®). The set of outcomes is
X ={o,y1,y2:00,11,12) : i € {0, 1}, yo +y1 +y2 = Lti € R to +11 +1, < 0}

ui(yo,y1,y2,10,t1,1),60;) = —6iyi+1; i=1,2

”0((}’07}’17)’271‘071‘17’2)790) = 60}’04‘10
S] :R+ 5 Sz :R+

g(bo,b1,b2) = (yo(bo,b1,b2),y1(bo,b1,b2),y2(bo, b1,b2),
10(bo,b1,b2),t1(bo,b1,b2),12(bo,b1,b2))

such that
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)’O(bOabhbz) :0 \V/bo,b],bz
yl(b07b17b2) =1 lfbl sz

=0 if by > by
ya(bo,b1,b2) =1 ifby > by
=0 ifb;<bh

t1(bo,b1,b2) = by1y1(bo,b1,b2)
t2(bo,b1,b2) = bay(bo,b1,b2)
to(bo,bl,bz) = —(l‘] (b(),b],bz)—|—l‘2(b0,b1,b2)).

The game induced by the second price procurement auction will be similar except
for appropriate changes in #; and #,.

2.8.4 Implementation of a Social Choice Function by a Mechanism

We now formalize the notion of implementation of a social choice function by a
mechanism.

Definition 2.22 (Implementation of an SCF). We say that a mechanism .#Z =
((Si)ien,g(+)) implements the social choice function f(-) if there is a pure strat-
egy equilibrium s*(-) = (s{(-),...,s5(-)) of the Bayesian game I'* induced by .#
such that g (s7(61),...,55(6,)) = f(61,...,6,) Y(6i,...,6,) € O.

Figure 2.6 explains the idea behind a mechanism implementing a social choice func-
tion. Depending on the nature of the underlying equilibrium, two ways of imple-
menting an SCF f(-) are standard in the literature.

Definition 2.23 (Implementation in Dominant Strategies). We say that a mecha-
nism .# = ((S;)ien,g(-)) implements the social choice function f(-) in dominant
strategy equilibrium if there is a weakly dominant strategy equilibrium s*(-) =
(s7(-),---,55(+)) of the game I'” induced by .# such that

g(sT(01),...,55(6,)) = £(O1,....0,) V(61,....0,) € O.

Note 2.9. Since a strongly dominant strategy equilibrium is automatically a weakly
dominant strategy equilibrium, the above definition applies to the strongly dominant
case also. In the latter case, we could say the implementation is in strongly dominant
strategy equilibrium. It is worth recalling that there could exist multiple weakly
dominant strategy equilibria whereas a strongly dominant strategy equilibrium, if it
exists, is unique.

Definition 2.24 (Implementation in Bayesian Nash Equilibrium). We say that
a mechanism .#Z = ((S;)ien,&(+)) implements the social choice function f(-) in
Bayesian Nash equilibrium if there is a pure strategy Bayesian Nash equilibrium
s*(:) = (s7(-),...,5%(+)) of the game I"” induced by .# such that
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g(s7(61),...,5:(6,)) = f(61,...,6,) ¥V(O1,...,6,) €O.

Note 2.10. In the definition, what is implicitly implied is a pure strategy Bayesian
Nash equilibrium. Such an equilibrium may or may not exist, but we implicitly
assume that such an equilibrium exists.

Note 2.11. The game I"? induced by the mechanism .# may have more than one
equilibrium, but the above definition requires only that one of them induces out-
comes in accordance with the SCF f(-). Implicitly, then, the above definition as-
sumes that, if multiple equilibria exist, the agents will play the equilibrium that the
mechanism designer (social planner) wants. This is an extremely important prob-
lem that is addressed by a theory called implementation theory. A brief idea about
implementation theory will be provided in Section 2.21.

Note 2.12. Another implicit assumption of the above definition is that the game in-
duced by the mechanism is a simultaneous move game, that is all the agents, after
learning their types, choose their actions simultaneously.

2.9 Incentive Compatibility and the Revelation Theorem

The notion of incentive compatibility is perhaps the most fundamental concept in
mechanism design, and the revelation theorem is perhaps the most fundamental re-
sult in mechanism design. We have already seen that mechanism design involves the
preference revelation (or elicitation) problem and the preference aggregation prob-
lem. The preference revelation problem involves eliciting truthful information from
the agents about their types. In order to elicit truthful information, there is a need
to somehow make truth revelation a best response for the agents, consistent with
rationality and intelligence assumptions. Offering incentives is a way of doing this;
incentive compatibility essentially refers to offering the right amount of incentive
to induce truth revelation by the agents. There are broadly two types of incentive
compatibility: (1) Truth revelation is a best response for each agent irrespective of
what is reported by the other agents; (2) Truth revelation is a best response for each
agent whenever the other agents also reveal their true types. The first one is called
dominant strategy incentive compatibility (DSIC), and the second one is called
Bayesian Nash incentive compatibility (BIC). Since truth revelation is always with
respect to types, only direct revelation mechanisms are relevant when formalizing
the notion of incentive compatibility. The notion of incentive compatibility was first
introduced by Leonid Hurwicz [10].
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Leonid Hurwicz , Eric Maskin, and Roger Myerson were jointly
awarded the Nobel prize in economic sciences in 2007 for having
laid the foundations of mechanism design theory. Hurwicz, born in
1917, has become the oldest winner of the Nobel prize. It was Hur-
wicz who first introduced the notion of mechanisms with his work
in 1960 [11]. He defined a mechanism as a communication system
in which participants send messages to each other and perhaps to a
message center and a prespecified rule assigns an outcome (such as
allocation of goods and payments to be made) for every collection
of received messages. Hurwicz [10] introduced the key notion of incentive compatibility
in 1972. This notion allowed mechanism design to incorporate the incentives of rational
players and opened up the area of mechanism design. The notion of incentive compatibility
plays a central role in the revelation theorem, which is a fundamental result in mechanism
design theory. Hurwicz is also credited with many important possibility and impossibility
results in mechanism design. For example, he showed that, in a standard exchange econ-
omy, no incentive compatible mechanism that satisfies individual rationality can produce
Pareto optimal outcomes. Hurwicz’s work in game theory and mechanism design demon-
strated, beyond doubt, the value of using analytical methods in modeling economic institu-
tions.

Hurwicz was, until his demise on June 24, 2008, Regents Professor Emeritus in the
Department of Economics at the University of Minnesota. He taught there in the areas
of welfare economics, public economics, mechanisms and institutions, and mathematical
economics.

= Eric Maskin is a joint winner with Leonid Hurwicz and Roger My-
erson, of the Nobel prize in Economic Sciences in 2007. One of his
most creative contributions was his work on implementation theory,
which addresses the following problem: Given a social goal, can we
characterize when we can design a mechanism whose equilibrium
outcomes coincide with the outcomes that are desirable according
to that goal? Maskin [34] gave a general solution to this problem.
‘ He brilliantly showed that if social goals are to be implementable,
then they must satisfy a certain kind of monotonicity
which is now famously called Maskin Monotonicity. He also showed that monotonicity
guarantees implementation under certain mild conditions (at least three players and no
veto power). He has also made major contributions to dynamic games. One of his early
contributions was to formalize the Revelation Theorem to the setting of Bayesian incentive
compatible mechanisms.

Maskin was born on December 12, 1950, in New York city. He earned an A.B. in Math-
ematics and a Ph. D. in Applied Mathematics from Harvard University in 1976. He taught
at the Massachusetts Institute of Technology during 1977-1984 and at Harvard University
during 1985-2000. Since 2000, he is the Albert O. Hirschman Professor of Social Science
at the Institute for Advanced Study in Princeton, NJ, USA.

./ it
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Roger Bruce Myerson jointly received the Nobel Prize in Eco-
nomic Sciences in 2007, with Leonid Hurwicz and Eric Maskin,
for having laid the foundations of mechanism design theory. Myer-
son has straddled several subareas in game theory and mechanism
design, and his contributions have left a deep impact in the area.
He was instrumental in conceptualizing and proving the revelation
theorem in mechanism design for Bayesian implementations in its
most generality. His work on optimal auctions in 1981 is a land-
mark result and has led to a phenomenal amount of further work in
the area of optimal auctions. He has also made major contributions
in bargaining with incomplete information and cooperative games with incomplete infor-
mation. His textbook Game Theory: Analysis of Conflict is a scholarly and comprehensive
reference text that embodies all important results in game theory in a rigorous, yet insightful
way. Myerson has also worked on economic analysis of political institutions and written
several influential papers in this area including recently on democratization and the Iraq
war.

Myerson was born on March 29, 1951. He received his A.B., S.M., and Ph.D., all in
Applied Mathematics from Harvard University. He completed his Ph.D. in 1976, working
with the legendary Kenneth Arrow. He was a Professor of Economics at the Kellogg School
of Management in Northwestern University during 1976-2001. Since 2001, he has been the
Glen A. Lloyd Distinguished Service Professor of Economics at the University of Chicago.

2.9.1 Incentive Compatibility (IC)

Definition 2.25 (Incentive Compatibility). A social choice function f: @) x ... X
®, — X is said to be incentive compatible (or truthfully implementable) if the
Bayesian game induced by the direct revelation mechanism 2 = ((0;)ien, f(+))
has a pure strategy equilibrium s*(-) = (s7(:),...,s;(-)) in which s7(6;) = 6;,V6; €
O, VieN.

That is, truth revelation by each agent constitutes an equilibrium of the game in-
duced by . It is easy to infer that if an SCF f(-) is incentive compatible then
the direct revelation mechanism 2 = ((0;);en, f(+)) can implement it. That is, di-
rectly asking the agents to report their types and using this information in f(-) to get
the social outcome will solve both the problems, namely, preference elicitation and
preference aggregation.

Based on the type of equilibrium concept used, two types of incentive compati-
bility are defined.

Definition 2.26 (Dominant Strategy Incentive Compatibility (DSIC)). A social
choice function f: @ X ... x @, — X is said to be dominant strategy incentive
compatible (or truthfully implementable in dominant strategies) if the direct reve-
lation mechanism 2 = ((0;);en, f(+)) has a weakly dominant strategy equilibrium
() =(s7(:),...,s5(-)) in which 57 (6;) = 6;,V6; € ©;,Vi € N.

That is, truth revelation by each agent constitutes a dominant strategy equilibrium
of the game induced by . Strategy-proof, cheat-proof, straightforward are the al-
ternative phrases used for this property.
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Example 2.40 (Dominant Strategy Incentive Compatibility of Second Price Procure-
ment Auction). It is easy to see that the social choice function implemented by the
second price auction is dominant strategy incentive compatible.

Using the definition of a dominant strategy equilibrium in Bayesian games (Sec-

tion 2.5), the following necessary and sufficient condition for an SCF f(-) to be
dominant strategy incentive compatible can be easily derived:

i (f(6:,6-1),6;) > ui(f(6,0-;),6;),Vi € NY6; € ©,,¥6_; € O_;,V; € 0. 2.9

The above condition says that if the SCF f(.) is DSIC, then, irrespective of what
the other agents report, it is always a best response for agent i to report his true type
0.

Definition 2.27 (Bayesian Incentive Compatibility (BIC)). A social choice func-
tion f: @) x ... x ®, — X is said to be Bayesian incentive compatible (or truthfully
implementable in Bayesian Nash equilibrium) if the direct revelation mechanism
2 = ((®)ien, f(+)) has a Bayesian Nash equilibrium s*(-) = (s7(-),...,s5(-)) in
which 51*(91) =06;,V0;, € ®;,Vi e N.

That is, truth revelation by each agent constitutes a Bayesian Nash equilibrium of
the game induced by Z.

Example 2.41 (Bayesian Incentive Compatibility of First Price Procurement Auc-
tion). We have seen that the first price procurement auction for a single indivisible
item implements the following social choice function:

f(8) = (y0(6),y1(0),y2(0),%(6),11(0),12(0))
with

yo(0) = VO € ©

yi(@)=1 if6; <6,
=0 otherwise

y2(9) =1 if6,>6,
= (0 otherwise

14+6
Lyi(0)

»2(0)
t0(0) = —(11(0) +12(0)).

146,

If seller 1 has type 0y, then his optimal bid 6, is obtained by solving

1+6 R
max + O — 6, P{62 > 91}.
6 2

1+6 .
max + O —91 (]—91).
) 2

This is the same as
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This yields 6, = 6;. Thus it is optimal for seller 1 to reveal his true private value if
seller 2 reveals his true value. The same situation applies to seller 2. This implies
that the social choice function is Bayesian Nash incentive compatible (since the
equilibrium involved is a Bayesian Nash equilibrium).

Using the definition of a Bayesian Nash equilibrium in Bayesian games (Section
2.5), the following necessary and sufficient condition for an SCF f(-) to be Bayesian
incentive compatible can be easily derived:

Eo_ [ui (f(6:,6-),6:)|6:] > Eqg_,[ui(f(6:,6-1),6:)|6:],¥i € N,V6; € ©,,¥6, € ©;  (2.10)

where the expectation is taken over the type profiles of agents other than agent i.

Note 2.13. If a social choice function f(-) is dominant strategy incentive compatible
then it is also Bayesian incentive compatible. The proof of this follows trivially from
the fact that a weakly dominant strategy equilibrium is necessarily a Bayesian Nash
equilibrium.

2.9.2 The Revelation Principle for Dominant Strategy Equilibrium

The revelation principle basically illustrates the relationship between an indirect
mechanism .# and a direct revelation mechanism & with respect to a given SCF
f(+). This result enables us to restrict our inquiry about truthful implementation of
an SCF to the class of direct revelation mechanisms only.

Theorem 2.3. Suppose that there exists a mechanism A = (S1,...,Sn,8(+)) that
implements the social choice function f(-) in dominant strategy equilibrium. Then
F () is dominant strategy incentive compatible.

Proof: If .# = (S|,...,S4,8(-)) implements f(-) in dominant strategies, then there
exists a profile of strategies s*(-) = (s{(-),...,s;()) such that

g(s7(61),...,5:(6,)) = f(61,...,6,) V(61,...,6,) €O 2.11)
and

wi(g(s7(6),5-1(0-1)),6) > ui(g(5:(61),5-4(6-1)). 6)
Vi€ N,V6; € G;,V0_; € O_;,Vs;(-) € Si,¥s_i(-) € S_i. (2.12)

Condition (2.12) implies, in particular, that

ui(g(s7(6,),5%;(6-1)),6:) > ui(g(s;(6:),s":(6-)),6)
Vi e N,V6; € O,V0, € ©,,Y0_; € O_;. (2.13)

Conditions (2.11) and (2.13) together imply that

ui (f(6:,6-1),6;) > ui(f(6:,0-,),6,),Vi € N,V6; € ©,,Y0_; € O_;,V6; € 6.
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DSIC

DSI: Dominant Strategy Implementable
DSIC: Dominant Strategy Incentive Compatible
DSI\ DSIC = ¢

Fig. 2.7 Revelation principle for dominant strategy equilibrium

But this is precisely condition (2.9), the condition for f(-) to be truthfully imple-
mentable in dominant strategies.

Q.E.D.
The idea behind the revelation principle can be understood with the help of Figure
2.7. In this picture, DSI represents the set of all social choice functions that are im-
plementable in dominant strategies and DSIC is the set of all social choice functions
that are dominant strategy incentive compatible. The picture depicts the obvious fact
that DSIC is a subset of DSI and illustrates the revelation theorem by showing that
the set difference between these two sets is the empty set, thus implying that DSIC
is precisely the same as DSI.

2.9.3 The Revelation Principle for Bayesian Nash Equilibrium

Theorem 2.4. Suppose that there exists a mechanism A = (S1,...,Sy,8(+)) that
implements the social choice function f(-) in Bayesian Nash equilibrium. Then f(-)
is truthfully implementable in Bayesian Nash equilibrium (Bayesian incentive com-
patible).

Proof: If .#Z = (S1,...,Sn,8(-)) implements f(-) in Bayesian Nash equilibrium,
then there exists a profile of strategies s*(-) = (s7(),...,s5(+)) such that

g(s7(01),...,5:(6,)) = f(61,...,6,) V(61,...,6,) €O (2.14)
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¢

BIC

BNI \ BIC = ¢
BNI: Bayesian Nash Implementable
BIC: Bayesian Incentive Compatible

Fig. 2.8 Revelation principle for Bayesian Nash equilibrium

and
Eo_, [ui(g(s7(6:),5";(6-)),6,)|6;] > Eg_, [Mi(g(s;(ei)vsfi(&i)), 9i)|9z}
ViEN,V6, € O, Vs,(-) €Si.  (2.15)
Condition (2.15) implies, in particular, that

Eo , [ui(g(s7(6:),5";(6-1)),6,)|6;] > Eq , [ui(g(s}(6:),s":(6-)),6)|6:]
Vi e N,V6; € ©,,V; € 6,. (2.16)

Conditions (2.14) and (2.16) together imply that
Eo ,[ui(f(6,6-:),6,)|6] > Eq . [ui(f(:,6-),6:)|6:] ,Vi € N,V6; € ©;,V6; € 6;.

But this is precisely condition (2.10), the condition for f(-) to be truthfully imple-
mentable in Bayesian Nash equilibrium.

Q.E.D.
In a way similar to the revelation principle for dominant strategy equilibrium, the
revelation principle for Bayesian Nash equilibrium can be explained with the help
of Figure 2.8. In this picture, BNI represents the set of all social choice functions
which are implementable in Bayesian Nash equilibrium and BIC is the set of all so-
cial choice functions which are Bayesian incentive compatible. The picture depicts
the fact that BIC is a subset of BNI and illustrates the revelation theorem by showing
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that the set difference between these two sets is the empty set, thus implying that
BIC is precisely the same as BNL

Figure 2.9 provides a combined view of both the revelation theorems that we
have seen in this section.

¢

TITTIT
b

DSIC
BIC
BNI
BNI'\ BIC = ¢ DSI: Dominant Strategy Implementable

BNI: Bayesian Nash Implementable DSIC: Dominant Strategy Incentive Compatible
BIC: Bayesian Incentive Compatible DS|\ DSIC = ¢

Fig. 2.9 Combined view of revelation theorems for dominant strategy equilibrium and Bayesian
Nash equilibrium

2.10 Properties of Social Choice Functions

We have seen that a mechanism provides a solution to both the preference elicitation
problem and preference aggregation problem, if the mechanism can implement the
desired social choice function f(-). It is obvious that some SCFs are implementable
and some are not. Before we look into the question of characterizing the space of
implementable social choice functions, it is important to know which social choice
function ideally a social planner would wish to implement. In this section, we high-
light a few properties of an SCF that ideally a social planner would wish the SCF to
have.
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2.10.1 Ex-Post Efficiency

Definition 2.28 (Ex-Post Efficiency). The SCF f: ® — X is said to be ex-post
efficient (or Paretian) if for every profile of agents’ types, 6 € @, the outcome f(0)
is a Pareto optimal outcome. The outcome f(0,...,6,) is Pareto optimal if there
does not exist any x € X such that:

ui(x,0;) > u;i(f(0),6;)V i € N and u;(x,6;) > u;(f(0),6;) for some i € N.

Example 2.42 (Supplier Selection Problem). Consider the supplier selection prob-
lem (Example 2.29). Let the social choice function f be given by

f(a17a2) =X
= X.

f(alabz)

The outcome f(aj,az) = x is Pareto optimal since the other outcomes y and z are
such that

ui(y,a1) < u(x,ay)
ui(z,a1) < uy(x,ay).

The outcome f(aj,by) = x is Pareto optimal since the other outcomes y and z are
such that

ur(y,ar) < wi(x,ar)
ui(z,ar) < uy(x,ap).

Thus SCF 1 is ex-post efficient.

Example 2.43 (Procurement of a Single Indivisible Item). We have looked at three
social choice functions, SCF-PROC1, SCF-PROC2, SCF-PROCS3, in the previous
section. One can show that all these SCFs are ex-post efficient.

2.10.2 Dictatorship in SCFs

We define this through a dictatorial social choice function.

Definition 2.29 (Dictatorship). A social choice function f: ® — X is said to be
dictatorial if there exists an agent d (called dictator) who satisfies the following

property:
VO e®, f(0) is such that uy(f(0),60) > ug(x,0;) VxeX.

A social choice function that is not dictatorial is said to be nondictatorial .
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In a dictatorial SCF, every outcome that is picked by the SCF is such that it is a most
favored outcome for the dictator.

Example 2.44 (Supplier Selection Problem). Let the social choice function f be
given by
flar,a2) =x; f(a1,b2) =x.

It is easy to see that agent 1 is a dictator and hence this is a dictatorial SCF. On the
other hand, consider the following SCF:

flar,a2) =x; f(a1,ba) =y.

One can verify that this is not a dictatorial SCF.

2.10.3 Individual Rationality

Individual rationality is also often referred to as voluntary participation property.
Individual rationality of a social choice function essentially means that each agent
gains a nonnegative utility by participating in a mechanism that implements the
social choice function. There are three stages at which individual rationality con-
straints (also called participation constraints) may be relevant in a mechanism de-
sign situation.

2.10.3.1 Ex-Post Individual Rationality

These constraints become relevant when any agent i is given a choice to withdraw
from the mechanism at the ex-post stage, that is, after all the agents have announced
their types and an outcome in X has been chosen. Let ;(6;) be the utility that agent
i receives by withdrawing from the mechanism when his type is 6;. Then, to en-
sure agent i’s participation, we must satisfy the following ex-post participation (or
individual rationality) constraints

ui(f(6;,60-:),6;) > u;(6;) ¥ (6;,0_;) €O.

2.10.3.2 Interim Individual Rationality

Let the agent i be allowed to withdraw from the mechanism only at an interim stage
that arises after the agents have learned their type but before they have chosen their
actions in the mechanism. In such a situation, the agent i will participate in the
mechanism only if his interim expected utility U;(6;|f) = Eq_,[ui(f(6;,6-;),6;)|6;]
from social choice function f(-), when his type is 6;, is greater than ;(6;). Thus,
interim participation (or individual rationality) constraints for agent i require that
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Ui(6if) = Eq_,[ui(f(6;,6-),6,)|6;] > wi(6;) V 6 €6

2.10.3.3 Ex-Ante Individual Rationality

Let agent i be allowed to refuse to participate in a mechanism only at ex-ante
stage, that is, before the agents learn their type. In such a situation, the agent
i will participate in the mechanism only if his ex-ante expected utility U;(f) =
Eo[ui(f(6:,6-;),6;)] from social choice function f(-) is at least Eq, [i;(6;)]. Thus,
ex-ante participation (or individual rationality) constraints for agent i require that

Ui(f) = Eg[ui(f(6:,60-i),6;)] > Eg,[ui(6;)].

The following proposition establishes a relationship among the three different par-
ticipation constraints discussed above. The proof is left as an exercise.

Proposition 2.2. For any social choice function f(-), we have

S () is ex-post IR = f(-) is interim IR = f(-) is ex-ante IR.

2.10.4 Efficiency

We have seen the notion of ex-post efficiency already. Depending on the epoch at
which we look into the game, we have three notions of efficiency, on the lines of
individual rationality. These notions were introduced by Holmstorm and Myerson
[12]. Let F be any collection of social choice functions that are of interest.

Definition 2.30 (Ex-Ante Efficiency). For any given set of social choice functions
F, and any member f(-) € F, we say that f(-) is ex-ante efficient in F if there is no
other f(-) € F having the following two properties:

Eo[ui(f(6),6:)] > Eo[ui(f(6).6;)] Vi=1,....n,
Eoui(f(0),6;)] > Eglui(f(0),6;)] for some i.
Definition 2.31 (Interim Efficiency). For any given set of social choice functions

F, and any member f(-) € F, we say that f(-) is interim efficient in F if there is no
other f(-) € F having the following two properties:

Eq [ui(f(6),6)|6)] > Eq_,[u:(f(6),6)|6] Vi=1,...,n,V 6 €6,
Eo ,[ui(f(8),6,)]6;] > Eq_,[ui(f(0),6:)|6/] for some i and some 6; € 6.
Definition 2.32 (Ex-Post Efficiency). For any given set of social choice functions

F, and any member f(-) € F, we say that f(-) is ex-post efficient in F if there is no
other f(-) € F having the following two properties:
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ui(£(0),6;) > u;(f(0),6,) Vi=1,....n,¥ 0 €O,
ui(£(0),6;) > u;(£(8),6;) for some i and some 6 € O.

Using the above definition of ex-post efficiency, we can say that a social choice
function f(-) is ex-post efficient in the sense of Definition 2.28 if and only if it is ex-
post efficient in the sense of Definition 2.32 when we take F = {f : f is a mapping
from O to X }.

The following proposition establishes a relationship among these three different
notions of efficiency.

Proposition 2.3. Given any set of feasible social choice functions F and f(-) € F,
we have

() is ex-ante efficient = f(-) is interim efficient = f(-) is ex-post efficient.

For a proof of the above proposition, refer to Proposition 23.F.1 of [6]. Also, com-
pare the above proposition with the Proposition 2.2.

2.11 The Gibbard-Satterthwaite Impossibility Theorem

We have seen in the last section that dominant strategy incentive compatibility is an
extremely desirable property of social choice functions. However the DSIC prop-
erty, being a strong one, precludes certain other desirable properties to be satisfied.
In this section, we discuss the Gibbard—Satterthwaite impossibility theorem (G—S
theorem, for short), which shows that the DSIC property will force an SCF to be dic-
tatorial if the utility environment is an unrestricted one. In fact, in the process, even
ex-post efficiency will have to be sacrificed. One can say that the G—S theorem has
shaped the course of research in mechanism design during the 1970s and beyond,
and is therefore a landmark result in mechanism design theory. The G—S theorem
is credited independently to Gibbard in 1973 [13] and Satterthwaite in 1975 [14].
The G-S theorem is a brilliant reinterpretation of the famous Arrow’s impossibility
theorem (which we discuss in the next section). We start our discussion of the G—S
theorem with a motivating example.

Allan Gibbard is currently Richard B. Brandt Distinguished Uni-
versity Professor of Philosophy at the University of Michigan. His
classic paper Manipulation of Voting Schemes: A General Result
published in Econometrica (Volume 41, Number 4) in 1973 presents
the famous Gibbard Satterthwaite theorem, which was also inde-
pendently proposed by Mark Satterthwaite. Professor Gibbard’s
current research interests are in ethical theory. He is the author of
two widely popular books: Thinking How to Live (2003 - Harvard
University Press) and Wise Choices, Apt Feelings (1990 - Harvard
University Press and Oxford University Press).
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Mark Satterthwaite is currently A.C. Buehler Professor in Hos-
pital and Health Services Management and Professor of Strategic
Management and Managerial Economics at the Kellogg School of
Management, Northwestern university. He is a microeconomic the-
orist with keen interest in how health care markets work. His pa-
per Strategy-proofness and Arrow’s Conditions: Existence and Cor-
respondence Theorems for Voting Procedures and Social Welfare
Functions published in the Journal of Economic Theory (Volume
10, April 1975) presented a brilliant reinterpretation of Arrow’s im-
possibility theorem, which is now famously known as the
Gibbard—Satterthwaite Theorem. He has authored a large number of scholarly papers in the
areas of dynamic matching in markets, organizational dynamics, and mechanism design.

Example 2.45 (Supplier Selection Problem). We have seen this example earlier (Ex-
ample 2.29). We have N = {1,2}, X = {x,y,z}, ©; = {a1}, and O = {az,b>}.
Consider the following utility functions (note that these are different from the ones
considered in Example 2.29):

ui(x,ar) = 100; ui(y,a1)=50; wui(z,a1) =0
w(x,a) = 0; uz(y,az) =50; uax(z,a2) =100
uz(x,bz) = 30; uz(y,bg) = 60; uz(Z,bz) =20.

We observe for this example that the DSIC and BIC notions are identical since the
type of player 1 is common knowledge and hence player 1 always reports the true
type (since the type set is a singleton). Consider the social choice function f given
by f(ai1,a2) =x; f(ai,by) = x. It can be seen that this SCF is ex-post efficient.

To investigate DSIC, suppose the type of player 2 is a,. If player 2 reports his true
type, then the outcome is x. If he misreports his type as b, then also the outcome is
x. Hence there is no incentive for player 2 to misreport. A similar situation presents
itself when the type of player 2 is b,. Thus f is DSIC.

In both the type profiles, the outcome happens to be the most favorable one for
player 1, that is, x. Therefore, player 1 is a dictator and f is dictatorial. Thus the
above function is ex-post efficient and DSIC but dictatorial.

Now, let us consider a different SCF & defined by h(aj,az) = y;h(ay,by) = x.
Following similar arguments as above, & can be shown to be ex-post efficient and
nondictatorial but not DSIC. Table 2.11 lists all the nine possible social choice func-
tions in this scenario and the combination of properties each function satisfies.

Note that the situation is quite desirable with the following SCFs.

fs(ar,ax) = y; fs(ai,by) =y
filar,a2) = z2 fr(a1,b2) = x.
The reason is these functions are ex-post efficient, DSIC, and also nondictatorial.

Unfortunately however, such desirable situations do not occur in general. In the
present case, the desirable situations do occur because of certain reasons that will
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il[fi(ar,a2)| fi(a1, b2) |EPE[DSIC|NON-DICT
1 X X NV X
2| «x y V| X v
3 X z X | x v
4 y X VAR v
Sy y VIV v
6 y z x | x Y/
N [« [V V] v
8z y VAR X
of = z x|V vV

Table 2.11 Social choice functions and properties satisfied by them

become clear soon. In a general setting, ex-post efficiency, DSIC, and nondictatorial
properties can never be satisfied simultaneously. In fact, even DSIC and nondicta-
torial properties cannot coexist. This is the implication of the powerful Gibbard—
Satterthwaite theorem.

2.11.1 The G-S Theorem

We will build up some notation before presenting the theorem. We have already
seen that the preference of an agent i, over the outcome set X, when its type is
6; can be described by means of a utility function u;(-,6;) : X — R, which assigns
a real number to each element in X. A utility function u;(-,6;) always induces a
unique preference relation =~ on X which can be described in the following manner

xZy < ui(x,0;) > ui(y, 6;).

The above preference relation is often called a rational preference relation and it is
formally defined as follows.

Definition 2.33 (Rational Preference Relation). We say that a relation =~ on the
set X is called a rational preference relation if it possesses the following three prop-
erties:

1. Reflexivity: V x € X, we have x 7~ x.
2. Completeness: V x,y € X, we have that x 2~ y or y 2~ x (or both).
3. Transitivity: V x,y,z € X, if x 2 yand y 7 z, then x 7~ z.

The following proposition establishes the relationship between these two ways of
expressing the preferences of an agent i over the set X.

Proposition 2.4.

1. If a preference relation -, on X is induced by some utility function u;(-,6;), then
it will be a rational preference relation.
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2. For every preference relation 7~ on X, there may not exist a utility function that
induces it. However, when the set X is finite, given any preference relation, there
will exist a utility function that induces it.

3. For a given preference relation -, on X, there might be several utility functions
that induce it. Indeed, if the utility function u;(-,6;) induces 7, then u.(x,6;) =
f(ui(x,6;)) is another utility function that will also induce 7~ , where f : R — R
is a strictly increasing function.

Strict Total Preference Relations

We now define a special class of rational preference relations that satisfy the anti-
symmetry property also.

Definition 2.34 (Strict-total Preference Relation). We say that a rational prefer-
ence relation 7~ is strict-total if it possesses the antisymmetry property, in addition
to reflexivity, completeness, and transitivity. By antisymmetry, we mean that, for
any x,y € X such that x # y, we have either x 2~ y or y = x, but not both.

The strict-total preference relation is also known as a linear order relation because
it satisfies the properties of the usual greater than or equal to relationship on the
real line. Let us denote the set of all rational preference relations and strict-total
preference relations on the set X by & and &7, respectively. It is easy to see that
P CH.

Ordinal Preference Relations

In a mechanism design problem, for agent i, the preference over the set X is de-
scribed in the form of a utility function u; : X x ®&; — R. That is, for every possible
type 6; € ©; of agent i, we can define a utility function u;(-, 6;) over the set X. Let
this utility function induce a rational preference relation =~ ; (6;) over X. The set
X ={7 : == 7;(6) forsome 6; € ©;} is known as the set of ordinal prefer-
ence relations for agent i. It is easy to see that #Z; C #Z Vie N.

With all the above notions in place, we are now in a position to state the G-S
theorem.

Theorem 2.5 (Gibbard-Satterthwaite Impossibility Theorem). Consider a so-
cial choice function f : @ — X. Suppose that

1. The outcome set X is finite and contains at least three elements,
2. %,’ =P Viec N,
3. f(-) is an onto mapping, that is, the image of SCF f(-) is the set X.

Then the social choice function f(-) is dominant strategy incentive compatible iff it
is dictatorial.
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For a proof of this theorem, the reader is referred to Proposition 23.C.3 of the book
by Mas-Colell, Whinston, and Green [6]. We only provide a brief outline of the
proof. To prove the necessity, we assume that the social choice function f(+) is dicta-
torial and it is shown that f(-) is DSIC. This can be shown in a fairly straightforward
way. The proof of the sufficiency part of the theorem starts with the assumption that
f(-) is DSIC and proceeds in three steps:

1. It is shown using the second condition of the theorem (%; = & V i € N) that
f(+) is monotonic.

2. Next using conditions (2) and (3) of the theorem, it is shown that monotonicity
implies ex-post efficiency.

3. Finally, it is shown that a SCF f(-) that is monotonic and ex-post efficient is
necessarily dictatorial.

Figure 2.10 shows a pictorial representation of the G—S theorem. The figure depicts
two classes F| and F> of social choice functions. The class Fj is the set of all SCFs
that satisfy conditions (1) and (2) of the theorem while the class F; is the set of all
SCFs that satisfy conditions (1) and (3) of the theorem. The class GS is the set of
all SCFs in the intersection of F; and F> which are DSIC. The functions in the class
GS have to be necessarily dictatorial.

F1

DSIC

F2

Fi @ Set of all SCFs for which | X| = 3 D = Dictatorial SCFs
and #; = 2vVi ¢ N

f> : Set of all onto SCF

DSIC: Dominant strategy incentive
compatible SCFs

GS = AN RN DSIC

Fig. 2.10 An illustration of the Gibbard—Satterthwaite Theorem
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2.11.2 Implications of the G-S Theorem

One way to get around the impossible situation described by the G—S Theorem is
to hope that at least one of the conditions (1), (2), and (3) of the theorem does not
hold. We discuss each one of these below.

e Condition (1) asserts that |X| > 3. This condition is violated only if |X| =1 or
|X| = 2. The case |X| = 1 corresponds to a trivial situation and is not of interest.
The case |X| = 2 is more interesting but is of only limited interest. A public
project problem where only a go or no-go decision is involved and no payments
by agents are involved corresponds to this situation.

e Condition (2) asserts that Z; = &2 Vi € N. This means that the preferences of
each agent cover the entire space of strict total preference relations on X. That is,
each agent has an extremely rich set of preferences. If we are able to somehow
restrict the preferences, we can hope to violate this condition. One can immedi-
ately note that this condition was violated in the motivating example (Example
2.45, the supplier selection problem). The celebrated class of VCG mechanisms
has been derived by restricting the preferences to the quasilinear domain. This
will be discussed in good detail in a later section.

e Condition (3) asserts that f is an onto function. Note that this condition also was
violated in Example 2.45. This provides one more route for getting around the
G-S Theorem.

Another way of escaping from the jaws of the G—S Theorem is to settle for a weaker
form of incentive compatibility than DSIC. We have already discussed Bayesian
incentive compatibility (BIC) which only guarantees that reporting true types is a
best response for each agent whenever all other agents also report their true types.
Following this route leads us to Bayesian incentive compatible mechanisms. These
are discussed in good detail in a future section.

The G-S Theorem is an influential result that defined the course of mechanism
design research in the 1970s and 1980s. As already stated, the theorem happens to be
an ingenious reinterpretation, in the context of mechanism design, of the celebrated
Arrow’s impossibility theorem, which is discussed next.

2.12 Arrow’s Impossibility Theorem

This famous impossibility theorem is due to Kenneth Arrow (1951), Nobel laureate
in Economic Sciences in 1972. This result has shaped the discipline of social choice
theory in many significant ways.
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Kenneth Joseph Arrow received the Nobel Prize in Economic Sci-
ences in 1972, jointly with John R. Hicks, for their pioneering con-
tributions to general economic equilibrium theory and welfare the-
ory. Arrow is regarded as one of the most influential economists of
all time. With his path-breaking contributions in social choice the-
ory, general equilibrium analysis, endogenous growth theory, and
economics of information behind him, Kenneth Arrow is truly a
legend of economics. Three of his doctoral students, John Harsanyi,
Michael Spencer, and Roger Myerson are also Economics Nobel
laureates. The famous Arrow impossibility theorem was one of the outstanding results in-
cluded in his classic book in 1951 Social Choice and Individual Values, which itself was
inspired by his doctoral work. This theorem is perhaps the most important result in welfare
economics and also has far-reaching ramifications for mechanism design theory (in fact, the
Gibbard—Satterthwaite theorem is an ingenious reinterpretation of the Arrow Impossibility
Theorem).

Kenneth Arrow was born in the New York City on August 23, 1921. He earned his
doctorate from Columbia University in 1951, working with Professor Harold Hotelling.
He is a recipient of the von Neumann Theory Prize in 1986, and he was awarded in 2004
the National Medal of Science, the highest scientific honor in the United States. His joint
work with Gerard Debreu on general equilibrium theory is also a major landmark that was
prominently noted in the Nobel Prize awarded to Gerard Debreu in 1983. Arrow is currently
the Joan Kenney Professor of Economics and Professor of Operations Research, Emeritus,
at Stanford University.

Before discussing this result, we first set up some relevant notation. Consider a set
of agents N = {1,2,...,n} and a set of outcomes X. Let 7Z; be a rational preference
relation of agent i (i € N). Subscript / in 7; indicates that the relation corresponds
to agent i. For example, ~; could be induced by u;(., 6;) where ; is a certain type of
agent i. Each agent is thus naturally associated with a set %; of rational preference
relations derived from the utility functions (., 6;) where 6; € ©;.

Given a rational preference relation 7Z;, let us denote by -, the relation defined
by

(x,y) € =i iff (x,y) € Z; and (y,x) ¢ ;.

The relation - is said to be the strict total preference relation derived from 77;. Note
that =; = ; if 77, itself is a strict total preference relation. Given an outcome set
X, a strict total preference relation can be simply represented as an ordered tuple of
elements of X. Given /7;, let us denote by ~; the relation defined by
(x,y) € ~; iff (x,y) € Zi and (y,x) € Zi.
The relation ~; is said to be the indifference relation derived from ;.
As usual Z and & denote, respectively, the set of all rational preference relations
and strict total preference relations on the set X. Let .« be any nonempty subset of
Z". We define a social welfare functional as a mapping from <7 to Z.

Definition 2.35 (Social Welfare Functional). Given a set of agents N = {1,2,...,n},
an outcome set X, and a set of profiles <7 of rational preference relations of the
agents, o/ C %", a social welfare functional is a mapping W : & — Z.
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Note that a social welfare functional W assigns a rational preference relation W ( 2z
,--+,7-n) to a given profile of rational preference relations ( 7Zj,...,7,) € .

Example 2.46 (Social Welfare Functional). Consider the example of the supplier
selection problem discussed in Example 2.45, where N = {1,2}, X = {x,y,z}, ©) =
{a1}, and @, = {ay,b,}. Recall the utility functions:

ui(x,a1) = 100; wuy(y,a;) =50; uy(z,a1) =0
up(x,az) = 05 ua(y,az) =505 ua(z,a2) =100
u2(x,b2) = 30; ug(y7b2) = 60; uz(Z,bz) =20.

The utility function u; leads to the following strict preference relation:

r>\:a1 = (x,y,z).

The utility function u, leads to the strict total preference relations:

Zay= (Z:3,%); Zpy= (1,X,2).

Let the set .7 be defined as

o = {(talazaz)v (talaibz)}

An example of a social welfare functional here would be the mapping W; given by

Wl (iﬂlp?\:az) = (x7y7z); W1 (i:a]h-ébz) = (y7va)-

Another example would be the mapping W, given by

WZ(iapi:az) = (X,)GZ)§ WZ(iapfébz) = (Z7y7x>-

Note the difference between a social choice function and a social welfare func-
tional. In the case of a social choice function, the preferences are summarized in
terms of types and each type profile is mapped to a social outcome. On the other
hand, a social welfare functional maps a profile of individual preferences to a social
preference relation. Recall that the type of an agent determines a preference relation
on the set X through the utility function.

We now define three properties of a social welfare functional: unanimity (also
called Paretian property); pairwise independence (also called independence of ir-
relevant alternatives (I11A)), and dictatorship.

Definition 2.36 (Unanimity). A social welfare functional W : & — Z is said to
be unanimous if V (=1, ..., 7Z,) € & and Vx,y € X,

(x,y) € Zi VieN= (x,y) €W,(Z1-.-,%n)

where W, (221 ..., 7Zn) is the strict preference relation derived from W (221 ..., 7Zn).

e Zon ~n
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The above definition means that, for all pairs x,y € X, whenever x is preferred to y
for every agent, then x is also socially preferred to y.

Example 2.47 (Unanimity). For the problem being discussed, let
Wl(NalaNaz) W1((x7)’aZ)»(Zvy7x))Z(X,%Z)

Wi(Zay» Zby) = Wi((x,9,2), (10,%,2)) = (1,X,2).

This is unanimous because

° (y,Z)G ia“(y,Z)e ihzaand( )Ewl(waly?\:bz).and
* (x,2) € Zay;(%,2) € Ty and (x,2) € Wi(Zay> Zby)-

On the other hand, let
Wa((x,3:2), (z,3,%)) = (x,3,2); Wa((x,3,2), (3,%,2)) = (2,,%)
Here (y,z) € 74, and (y,z) € Z2p, but (y,2) & Wa( Za,» b, ). So Ws is not unanimous.

Definition 2.37 (Pairwise Independence). The social welfare functional W : &7 —
Z is said to satisfy pairwise independence if Vx,y € X, the social preference be-
tween x and y will depend only on the 1ndividua1 preferences between x and y. That
is,Vx,ye X, ¥(Z1....,00n) € Z,V¥( 2 € o/, with the property that

s %)
(r,y) €Xi @ (ny) € % and (3x) € % (vx) € X ViEN,
we have that

(%) € W( %1,y 2n) (1)) €W(Z1,...,,); and

0x) EW(Ztseees ) & (52) €W (Zhaeens )

Example 2.48 (Pairwise Independence). Consider the example as before and let

W3(Na|’wa2) Wg((x,y,z),(z,y,x))z(x,y,z)

W%(Nallen) Wg((x,y,z)7(y,x,z))Z(y,z,x).

Here agent 1 prefers x to y in both the profiles while agent 2 prefers y to x in both
the profiles. However in the first case, x is socially preferred to y while in the second
case y is socially preferred to x. Thus the social preference between x and y is not
exclusively dependent on the individual preferences between x and y. This shows
that W) is not pairwise independent. On the other hand, consider W3 given by

W4((x,y,z)7 (Zayvx)) = (x,y,z)

W4((x,y,z), (y,x,z)) = (vavy)'

Now this social welfare functional satisfies pairwise independence.
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The pairwise independence property is a very appealing property since it ensures
that the social ranking between any pair of alternatives x and y does not in any
way depend on other alternatives or the relative positions of these other alternatives
in the individual preferences. Secondly, the pairwise independence property has a
close connection to a property called the weak preference reversal property, which is
quite crucial for ensuring dominant strategy incentive compatibility of social choice
functions. Further, this property leads to a nice decomposition of the problem of so-
cial ranking. For instance, if we wish to determine a social ranking on the outcomes
of a subset Y of X, we do not need to worry about individual preferences on the set
X\Y.

Definition 2.38 (Dictatorship). A social welfare functional W : &7 — Z is called
a dictatorship if there exists an agent, d € N, called the dictator such that Vx,y € X
and V(71,...,7,) € 7, we have

(xvy) € td = (.X,y) € Wp(i17”-7>_ )

~n

This means that whenever the dictator prefers x to y, then x is also socially preferred
to y, irrespective of the preferences of the other agents. A social welfare functional
that does not have a dictator is said to be nondictatorial.

Example 2.49 (Dictatorship). Consider the social welfare functional
Ws((x,5,2),(z,3,%)) = (x,,2)

WS((xay>Z)’ (Yaxaz)) = (x,y,z).

It is clear that agent 1 is a dictator here. On the other hand, the social welfare func-
tional

W3((x,y,z)7 (Zayvx)) = (xvyvz)
Wi ((x,3,2), (0,x,2)) = (,2,%)
is not dictatorial.
Ideally, a social planner would like to implement a social welfare functional that
is unanimous, satisfies the pairwise independence property, and is nondictatorial.
Unfortunately, this belongs to the realm of impossible situations when the prefer-

ence profiles of the agents are rich. This is the essence of the Arrow’s Impossibility
Theorem, which is stated next.

Theorem 2.6 (Arrow’s Impossibility Theorem). Suppose
1 |X| >3,
2. o =R" or of = P".

Then every social welfare functional W : of — Z that is unanimous and satisfies
pairwise independence is dictatorial.
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S5 P: Set of all paratian or unanimous functionals
77 11A: Set of all functionals satisfying independence of irrelevant
alternatives or pairwise independence

777 D: Dictatorial social welfare functionals

Fig. 2.11 An illustration of the Arrow’s impossibility theorem

For a proof of this theorem, we refer the reader to proposition 21.C.1 of Mas-Colell,
Whinston, and Green [6]. Arrow’s Impossibility Theorem is pictorially depicted in
Figure 2.11. The set P denotes the set of all Paretian or unanimous social welfare
functionals. The set ITA denotes the set of all social welfare functionals that satisfy
independence of irrelevant alternatives (or pairwise independence). The diagram
shows that the intersection of P and IIA is necessarily a subset of D, the class of all
dictatorial social welfare functionals.

The Gibbard—Satterthwaite theorem has close connections to Arrow’s Impossi-
bility Theorem. The property of unanimity of social welfare functionals is related
to ex-post efficiency of social choice functions. The notions of dictatorship of so-
cial welfare functionals and social choice functions are closely related. The pairwise
independence property of social welfare functionals has intimate connections with
the DSIC property of social choice functions through the weak preference reversal
property and monotonicity. We do not delve deep into this here; interested readers
are referred to the book of Mas-Colell, Whinston, and Green [6] (Chapters 21 and
23).
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2.13 The Quasilinear Environment

This is the most extensively studied special class of environments where the Gibbard—
Satterthwaite theorem does not hold. In fact, the rest of this chapter assumes this
environment most of the time. In the quasilinear environment, an alternative x € X
is a vector of the form x = (k,11,...,t,), where k is an element of a set K, which is
called the set of project choices or set of allocations. The set K is usually assumed
to be finite. The term #; € R represents the monetary transfer to agent i. If #; > 0
then agent i will receive the money and if #; < O then agent i will pay the money.
We assume that we are dealing with a system in which the n agents have no exter-
nal source of funding, i.e., Y. ; #; < 0. This condition is known as the weak budget
balance condition. The set of alternatives X is therefore

X = {(lmh...,tn):kel(; teERVYiIiEN; Zti<0}.
i

A social choice function in this quasilinear environment takes the form f(0) =
(k(0),11(0),...,1,(0)) where, for every 6 € O, we have k(0) € K and ¥ ;#;(6) <O0.
Note that here we are using the symbol k both as an element of the set K and as a
function going from @ to K. It should be clear from the context as to which of these
two we are referring. For a direct revelation mechanism 2 = ((0;)en, f(-)) in this
environment, the agent i’s utility function takes the quasilinear form

ui(x7 9,) = M,’((k7l17 . ,ln), 61) = V,'(k7 9,) +m; +t;

where m; is agent i’s initial endowment of the money and the function v;(+) is known
as agent i’s valuation function. Recall from our discussion of mechanism design
environment (Section 2.6) that the utility functions u;(-) are common knowledge.
In the context of a quasilinear environment, this implies that for any given type
0; of any agent i, the social planner and every other agent j have a way to know
the function v;(., 6;). In many cases, the set ©; of the direct revelation mechanism
7 = ((6))ien, f(+)) is actually the set of all feasible valuation functions v; of agent
i. That is, each possible function represents the possible types of agent i. Therefore,
in such settings, reporting a type is the same as reporting a valuation function.

Immediate examples of quasilinear environment include many of the previously
discussed examples, such as the first price and second price auctions (Example
2.30), the public project problem (Example 2.31), the network formation problem
(Example 2.33), bilateral trade (Example 2.32), etc. In the quasilinear environment,
we can define two important properties of a social choice function, namely, alloca-
tive efficiency and budget balance.

Definition 2.39 (Allocative Efficiency (AE)). We say that a social choice function
F)=(k(-),11(+),...,1,(+)) is allocatively efficient if for each 6 € @, k(0) satisfies
the following condition

U We will be using the symbol k*(-) for a function k(-) that satisfies Equation (2.17).
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argmax y~ .,
KO) € "o K i;v,(k,e,). (2.17)

Equivalently,

n max n
vi(k(0),6;) = vi(k, 6;).
5:21 i ke K ,:Zi i i

The above definition implies that for every 6 € @, the allocation k(6) will maximize
the sum of the values of the players. In other words, every allocation is a value
maximizing allocation, or the objects are allocated to the players who value the
objects most. This is an extremely desirable property to have for any social choice
function. The above definition implicitly assumes that for any given 0, the function
Y vi(.,6;): K — R attains a maximum over the set K.

Example 2.50 (Public Project Problem). Consider the public project problem with
two agents N = {1,2}. Let the cost of the public project be 50 units of money. Let
the type sets of the two players be given by

0, = 6, = {20,60}.

Each agent either has a low willingness to pay, 20, or a high willingness to pay, 60.
Let the set of project choices be

K =1{0,1}

with 1 indicating that the project is taken up and O indicating that the project is
dropped.

Assume that if k = 1, then the two agents will equally share the cost of the project
by paying 25 each. If k = 0, the agents do not pay anything. A reasonable way of
defining the valuation function would be

Vi(k, 9,) = k(@, — 25)

This means, if k = 0, the agents derive zero value while if k = 1, the value derived
is willingness to pay minus 25.
Define the following allocation function:

k(6,,6,) = 0 if 6, = 6, =20

= 1 otherwise.

This means, the project is taken up only when at least one of the agents has a high
willingness to pay. We can see that this function is allocatively efficient. This may
be easily inferred from Table 2.12, which shows the values derived by the agents for
different type profiles. The second column gives the actual value of k.

Example 2.51 (A Non-Allocatively Efficient SCF). Let the v function be defined as
under:
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(91,92) k V1 (k, 91) vz(k, 92) V](k7 91) Vz(k,ez)
when k = O|when k = O|when k = 1|when k =1
(20,20) (0 0 0 -5 -5
(20,60)|1 0 0 -5 35
(60,20)|1 0 0 35 -5
(60,60)(1 0 0 35 35

Table 2.12 Values for different type profiles when v;(k, 6;) = k(6; — 25)

V,'(k, 9,) :ke,' i= ],2.

With respect to the above function, the allocation function k defined in the previous
example can be seen to be not allocatively efficient. The values for different type
profiles are shown in Table 2.13. If the type profile is (20,20), the allocation is
k = 0 and the total value of allocation is 0. However, the total value is 40 if the
allocation were k = 1.

(61,62) |k| vi(k,61) | va(k,62) | vi(k,01) | va(k,62)
when k = O|when k = O{when k = 1|{when k =1
(20,20)|0 0 0 20 20
(20,60)(1 0 0 20 60
(60,20)(1 0 0 60 20
(60,60)|1 0 0 60 60

Table 2.13 Values for different type profiles when v;(k, 6;) = k6;

Definition 2.40 (Budget Balance (BB)). We say that a social choice function f(-) =
(k(-),21(+),...,t4(+)) is budget balanced if for each 6 € ©,1,(0),...,1,(0) satisfy the
following condition:

it,-(@) =0. (2.18)

i=1

Many authors prefer to call this property strong budget balance, and they refer to
the property of having Y7 ,#:(0) < 0 as weak budget balance. In this monograph,
we will use the term budget balance to refer to strong budget balance.

Budget balance ensures that the total receipts are equal to total payments. This
means that the system is a closed one, with no surplus and no deficit. The weak
budget balance property means that the total payments are greater than or equal to
total receipts.

The following lemma establishes an important relationship of these two proper-
ties of an SCF with the ex-post efficiency of the SCF.
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Lemma 2.1. A social choice function f(-) = (k(-),t1(+), ..., t.(*)) is ex-post efficient
in quasilinear environment if and only if it is allocatively efficient and budget bal-
anced.

Proof: Let us assume that f(-) = (k(-),#1(+),...,#(:)) is allocatively efficient and
budget balanced. This implies that for any 8 € @, we have

Il
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=
=
2
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iuxf(e),ei)

Il
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Il
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Il
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vi(k(6),6;)+0

vilk,6;)+ Y 11 V= (k1. 1)
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ui(x, 9,'); v (k,tl,...,tn) cX.

Il
=

That is if the SCF is allocatively efficient and budget balanced then for any type
profile 0 of the agent, the outcome chosen by the social choice function will be such
that it maximizes the total utility derived by all the agents. This will automatically
imply that the SCF is ex-post efficient.

To prove the other part, we will first show that if f(-) is not allocatively efficient,
then, it cannot be ex-post efficient and next we will show that if f(-) is not budget
balanced then it cannot be ex-post efficient. These two facts together will imply that
if f(-) is ex-post efficient then it will have to be allocatively efficient and budget
balanced, thus completing the proof of the lemma.

To start with, let us assume that f(-) is not allocatively efficient. This means that
46 € O, and k € K such that

n

Y vilk, 6) > évi(k(e), 0;).

i=1

This implies that there exists at least one agent j for whom v;(k, 6;) > v;(k(6),6;).
Now consider the following alternative x

x= (k, (t: =1:(0) +vi(k(0),6;) —vi(k,0;));,;.1; = fj(9)> -
It is easy to verify that u;(x, 6;) = u;(f(0),6;) Vi # jand u;(x,6;) > u;(f(0),6;),
implying that f(-) is not ex-post efficient.

Next, we assume that f(+) is not budget balanced. This means that there exists at
least one agent j for whom 7;(0) < 0. Let us consider the following alternative x

x= (k, (t: = 1(8))izj 1) = O) '
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It is easy to verify that for the above alternative x, we have u;(x, 6;) = u;(f(0),0;) Vi#
jand u;j(x,6;) > u;(f(0),6;) implying that f(-) is not ex-post efficient.

Q.E.D.
The next lemma summarizes another fact about social choice functions in quasilin-
ear environment.

Lemma 2.2. All social choice functions in quasilinear environments are nondicta-
torial.

Proof: If possible, assume that a social choice function, f(-), is dictatorial in the
quasilinear environment. This means that there exists an agent called the dictator,
say d € N, such that for each 6 € ©, we have

ug(£(0),04) > uq(x,07) VxeX.

However, because of the environment being quasilinear, we have u,(f(0),60,) =
vq(k(0),6,)+14(0). Now consider the following alternative x € X :

x:{ (k(8), (ti = 1i(0))izasta = 1a(0) = X7 :(0)) : Yi_,%u(6) <0
(k(8), (t: =1:(0))iza jsta =1a(0) + &,0; =1;(8) =€) = Y 1(6)=0

where € > 0 is any arbitrary number, and j is any agent other than d. It is easy to
verify, for the above outcome x, that we have uy(x, 0;) > ug(f(0),6,), which con-
tradicts the fact that d is a dictator.

Q.E.D.
In view of Lemma 2.2, the social planner need not have to worry about the nondic-
tatorial property of the social choice function in quasilinear environments and he
can simply look for whether there exists any SCF that is both ex-post efficient and
dominant strategy incentive compatible. Furthermore, in the light of Lemma 2.1,
we can say that the social planner can look for an SCF that is allocatively efficient,
budget balanced, and dominant strategy incentive compatible. Once again the ques-
tion arises whether there could exist social choice functions which satisfy all these
three properties — AE, BB, and DSIC. We explore this and other questions in the
forthcoming sections.

2.14 Groves Mechanisms

The main result in this section is that in the quasilinear environment, there exist
social choice functions that are both allocatively efficient and dominant strategy in-
centive compatible. These are in general called the VCG (Vickrey—Clarke—Groves)
mechanisms.
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2.14.1 VCG Mechanisms

The VCG mechanisms are named after their famous inventors William Vickrey,
Edward Clarke, and Theodore Groves. It was Vickrey who introduced the famous
Vickrey auction (second price sealed bid auction) in 1961 [15]. To this day, the Vick-
rey auction continues to enjoy a special place in the annals of mechanism design.
Clarke [16] and Groves [17] came up with a generalization of the Vickrey mech-
anisms and helped define a broad class of dominant strategy incentive compatible
mechanisms in the quasilinear environment. VCG mechanisms are by far the most
extensively used among quasilinear mechanisms. They derive their popularity from
their mathematical elegance and the strong properties they satisty.

William Vickrey is the inventor of the famous Vickrey Auction,
which is considered a major breakthrough in the design of auc-
tions. He showed that the second price sealed bid auction enjoys
the strong property of dominant strategy incentive compatibility,
in his classic paper Counterspeculation, Auctions, and Competitive
Sealed Tenders which appeared in the Journal of Finance in 1961.
This work demonstrated for the first time the value of game theory
in understanding auctions. Apart from this famous auction, Vickrey
is known for an early version of revenue equivalence theorem, a key
result in auction theory. He is also known for pioneering work in
congestion pricing, where he introduced the idea of pricing roads and services as a natu-
ral means of regulating heavy demand. His ideas were subsequently put into practice in
London city transportation. The Nobel prize in economic sciences in 1996 was jointly won
by James A. Mirrlees and William Vickrey for their fundamental contributions to the eco-
nomic theory of incentives under asymmetric information. However, just three days before
the prize announcement, Vickrey passed away on October 11, 1996.

Vickrey was born on June 21, 1914 in Victoria, British Columbia. He earned a Ph.D.
from Columbia University in 1948. His doctoral dissertation titled Agenda for Progressive
Taxation is considered a pioneering piece of work. He taught at Columbia from 1946 until
his retirement in 1982.

Edward Clarke distinguished himself as a senior economist with
- the Office of Management and Budget (Office of Information and
Regulatory Affairs) involved in transportation regulatory affairs. He
is a graduate of Princeton University and the University of Chicago,
' where he received an MBA and a Ph.D. (1978). He has worked
in public policy at the city/regional (Chicago), state, federal, and
international levels.

In public economics, he developed the demand revealing mechanism for public project
selection, which was noted in the Nobel Committee’s award of the 1996 Nobel Prize in
Economics to William Vickrey. Clarke’s 1971 paper Multi-part Pricing of Public Goods in
the journal Public Choice in 1971 is a classic in mechanism design. Among VCG mech-
anisms, Clarke’s mechanism is a natural and popular approach used in mechanism design
problems. The website http://www.clarke.pair.com/clarke.html may be looked up for more
details about Clarke’s research and teaching.
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Theodore Groves is credited with the most general among the cel-
ebrated class of VCG mechanisms. In a classic paper entitled /ncen-
tives in Teams published in Econometrica in 1973, Groves proposed
a general class of allocatively efficient, dominant strategy incentive
compatible mechanisms. The Groves mechanism generalizes the
Clarke mechanism (proposed in 1971), which in turn generalizes
the Vickrey auction proposed in 1961. Groves earned a doctorate in
economics at the University of California, Berkeley, and he is cur-
rently a Professor of Economics at the University of California, San
Diego. The website

http://weber.ucsd.edu/ tgroves/ may be looked up for more details about Groves’s research
and teaching.

2.14.2 The Groves’ Theorem

The following theorem provides a sufficient condition for an allocatively efficient
social function in quasilinear environment to be dominant strategy incentive com-
patible. We will refer to this theorem in the sequel as Groves theorem, rather than
Groves’ theorem.

Theorem 2.7 (Groves Theorem). Let the SCF f(-) = (k*(-),t1(+),...,t.(+)) be al-
locatively efficient. Then f(-) is dominant strategy incentive compatible if it satisfies
the following payment structure (popularly known as the Groves payment (incen-
tive) scheme):

1(0) = Y vi(k*(6),6;) | +hi(6_;) Vi=1,...,n (2.19)
J#i

where h; : O_; — R is any arbitrary function that honors the feasibility condition
Yi(0)<0V0Oe0.

Proof: The proof is by contradiction. Suppose f(-) satisfies both allocative ef-
ficiency and the Groves payment structure but is not DSIC. This implies that
f(+) does not satisfy the following necessary and sufficient condition for DSIC:
Vie N VO €0,

ui(f(6:,6_1),6;) > u;(f(6,,6_,),6;) V6, € ©; ¥6_; € O_;.

This implies that there exists at least one agent i for which the above is false. Let i
be one such agent. That is, for agent i,

wi(f(6;,0-1),6;) > ui(f(6:,6_:),6;)

for some 6; € ®;, for some 6_; € @_;, and for some 9; € ©;. Thus, for agent i, there
would exist 6; € ©;, 61-' € 0;,0_; € O_; such that
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vi(k*(6;,6_1),6,) +1:(6;,0_) +m; > vi(k*(6;,6_,),6;) +1:(6;,6_;) +m.

Recall that
ti(ei,e,i) = hi(efi) +Z(k*(9,, 6,,')761‘)
J#i
(9 0_; Z (k*( 9 ,0-),6)).
J#
Substituting these, we get
vi(k*(6;,6-:),0:)+ Y vi(k*(6;,6_:),6;) > vi(k*(6:,6_7),6) + Y vi(k*(6;,6_,).,6)),
J# J#

which implies
n n

Y vi(k*(6;,6-),6;) > ) vi(k*(6;,6-:),6).

i=1 i=1
The above contradicts the fact that f(+) is allocatively efficient. This completes the
proof.

Q.E.D.

The following are a few interesting implications of the above theorem.

1. Given the announcements 0_; of agents j # i, the monetary transfer to agent
i depends on his announced type only through effect of the announcement of
agent i on the project choice k*(6).

2. The change in the monetary transfer of agent i when his type changes from 6; to
6; is equal to the effect that the corresponding change in project choice has on
total value of the rest of the agents. That is,

1:(6;,0-;) —1:(0;,0-;) = Y [v;(k*(6;,6,),0;) —v;(k"(6;,6-;),6)] .
J#i
Another way of describing this is to say that the change in monetary transfer to
agent i reflects exactly the externality he is imposing on the other agents.

After the famous result of Groves, a direct revelation mechanism in which the im-
plemented SCF is allocatively efficient and satisfies the Groves payment scheme is
called a Groves Mechanism.

Definition 2.41 (Groves Mechanisms). A direct mechanism, 2 = ((6;)en, f(+))
inwhich f(-) = (k(+),21(+),...,t,(-)) satisfies allocative efficiency (2.17) and Groves
payment rule (2.19) is known as a Groves mechanism.

In mechanism design parlance, Groves mechanisms are popularly known as Vickrey—
Clarke—Groves (VCG) mechanisms because the Clarke mechanism is a special case
of Groves mechanism, and the Vickrey mechanism is a special case of Clarke mech-
anism. We will discuss this relationship later in this monograph.

The Groves theorem provides a sufficiency condition under which an allocatively
efficient (AE) SCF will be DSIC. The following theorem due to Green and Laffont
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[18] provides a set of conditions under which the condition of Groves Theorem also
becomes a necessary condition for an AE SCF to be DSIC. In this theorem, we let
.7 denote the set of all possible functions f : K — R.

Theorem 2.8 (First Characterization Theorem of Green-Laffont). Suppose for
each agent i € N that {vi(.,6;): 6; € ©;} = .Z, that is, every possible valuation
function from K to R arises for some 0; € ©;. Then any allocatively efficient social
choice function f(-) will be dominant strategy incentive compatible if and only if it
satisfies the Groves payment scheme given by Equation (2.19).

Note that in the above theorem, every possible valuation function from K to R arises
for any 6; € ©;. In the following characterization theorem, again due to Green and
Laffont [18], .% is replaced with with .%,. where .%, denotes the set of all possible
continuous functions f : K — R.

Theorem 2.9 (Second Characterization Theorem of Green-Laffont). Suppose
for each agent i € N that {v;(.,6;) : 6; € ©;} = %, that is, every possible continu-
ous valuation function from K to R arises for some 0; € ©;. Then any allocatively
efficient social choice function f(-) will be dominant strategy incentive compatible
if and only if it satisfies the Groves payment scheme given by Equation (2.19).

2.14.3 Groves Mechanisms and Budget Balance

Note that a Groves mechanism always satisfies the properties of AE and DSIC.
Therefore, if a Groves mechanism is budget balanced, then it will solve the problem
of the social planner because it will then be ex-post efficient and dominant strategy
incentive compatible. By looking at the definition of the Groves mechanism, one
can conclude that it is the functions A;(-) that decide whether or not the Groves
mechanism is budget balanced. The natural question that arises now is whether there
exists a way of defining functions A4;(-) such that the Groves mechanism is budget
balanced. In what follows, we present one possibility result and one impossibility
result in this regard.

2.14.3.1 Possibility and Impossibility Results for Quasilinear Environments

Green and Laffont [18] showed that in a quasilinear environment, if the set of possi-
ble types for each agent is sufficiently rich then ex-post efficiency and DSIC cannot
be achieved together. The precise statement is given in the form of the following
theorem.

Theorem 2.10 (Green—Laffont Impossibility Theorem). Suppose for each agent
i €N that F = {v(.,6;) : 6; € ©;}, that is, every possible valuation function from K
to R arises for some 0; € ©;. Then there is no social choice function that is ex-post
efficient and DSIC.
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Thus, the above theorem says that if the set of possible types for each agent is
sufficiently rich then there is no hope of finding a way to define the functions 4;(-) in
Groves payment scheme so that we have Y/, 7;(6) = 0. However, one special case
in which a positive result arises is summarized in the form of following possibility
result.

Theorem 2.11 (A Possibility Result for Budget Balance of Groves Mechanisms).
If there is at least one agent whose preferences are known (that is, the type set is a
singleton set) then it is possible to choose the functions h;(-) so that ¥}, 1;(6) = 0.

Proof: Let agent i be such that his preferences are known, that is ®; = {6;}. In
view of this condition, it is easy to see that for an allocatively efficient social choice
function f(-) = (K*(-),#1(+),...,t.(+)), the allocation k*(-) depends only on the types
of the agents other than i. That is, the allocation £*(+) is a mapping from @_; to K.
Let us define the functions /;(-) in the following manner:

P hi(0—j) = j#i
BOD =\ 5, b (6. (r- v (B 8) o

It is easy to see that under the above definition of the functions A;(-), we will have
ti(G) = 721-#5[./'(9). Q.E.D.

Figure 2.12 summarizes the main results of this section by showing what the
space of social choice functions looks like in the quasilinear environment. The ex-
hibit brings out various possibilities and impossibilities in the quasilinear environ-
ment, based on the results that we have discussed so far.

2.15 Clarke (Pivotal) Mechanisms

A special case of Groves mechanism was developed independently by Clarke in
1971 [16] and is known as the Clarke, or the pivotal mechanism. It is a special case
of Groves mechanisms in the sense of using a natural special form for the function
h;(+). In the Clarke mechanism, the function /;(-) is given by the following relation:

hi(6-) ==Y vj(k';(6-,).6;) VO ;€@ ;Vi=1,...,n (2.20)
J#

where k*;(6_;) € K_; is the choice of a project that is allocatively efficient if there
were only the n — 1 agents j # i. Formally, k*,(0_;) must satisfy the following
condition.

ZVj(kii(G,i),ej) > ZVj(k79j)Vk€K,i 2.21)
J#i J#i

where the set K_; is the set of project choices available when agent i is absent.
Substituting the value of /;(-) from Equation (2.20) in Equation (2.19), we get the
following expression for agent i’s transfer in the Clarke mechanism:
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WEB

AE

DSIC

AE : Allocative Efficient SBB: Strict Budget Balanced
DSIC : Dominant strategy Incentive Compatible EPE: Ex-post efficient
WBB : Weak Budget Balanced

Fig. 2.12 Space of social choice functions in quasilinear environment

4(0) = [Zvj(k*(e), e,-)] — lZVj(kii(G_i), 9,)] . (2.22)
J# JF

The above payment rule has an appealing interpretation: Given a type profile 6 =

(61,...,6,), the monetary transfer to agent i is given by the total value of all agents

other than i under an efficient allocation when agent i is present in the system minus

the total value of all agents other than i under an efficient allocation when agent i is

absent in the system.

2.15.1 Clarke Mechanisms and Weak Budget Balance

Recall from the definition of Groves mechanisms that, for weak budget balance, we
should choose the functions /;(6_;) in a way that the weak budget balance condition
Y, 1:(0) <0 is satisfied. In this sense, the Clarke mechanism is a useful special
case because it achieves weak budget balance under fairly general settings. In order
to understand these general sufficiency conditions, we define following quantities
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B*(e):{keK:keaIgmaXZv, (k,6;) }

B (6.;) = {keK arin;é" Zv] (k.6)) }

where B*(0) is the set of project choices that are allocatively efficient when all the
agents are present in the system. Similarly, B*(6_;) is the set of project choices that
are allocatively efficient if all agents except agent i were present in the system. It is
obvious that k*(0) € B*(0) and k*,(0_;) € B*(6_;).

Using the above quantities, we define the following properties of a direct revela-
tion mechanism in quasilinear environment.
Definition 2.42 (No Single Agent Effect). We say that mechanism .# has no single
agent effect if for each agent i, for each 6 € @, and for each k*(6) € B*(0), we have
ak € K_; such that

2 vi(k,6;) >} v;(k'(0),6

J#i J#
In view of the above properties, we have the following proposition that gives a
sufficiency condition for Clarke mechanism to be weak budget balanced.

Proposition 2.5. If the Clarke mechanism has no single agent effect, then the mon-
etary transfer to each agent would be non-positive, that is, t;(6;) <0V 0 € ©; Vi=
1,...,n. In such a situation, the Clarke mechanism would satisfy the weak budget
balance property.

Proof: Note that by virtue of no single agent effect, for each agent i, each 6 € O,
and each k*(0) € B*(0), there exists a k € K_; such that

Y vik,8;) > Y vi(k'(6),6))

J# J#i
However, by definition of k*;(6_;), given by Equation (2.21), we have

Zvj(kf,»(e,,-), Gj) > ZVj(k, 61) VkeK ;.
J# J#i
Combining the above two facts, we get
Y vi(k(6-0),8;) = Y v;(K*(6).6)
J# J#
=0>1(0)

=0> iti(e)
i=1

Q.E.D.
In what follows, we present an interesting corollary of the above proposition.
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Corollary 2.1.

1. 1;(0) =0 iff k*(0) € B*(6_;). That is, agent i’s monetary transfer is zero iff his
announcement does not change the project decision relative to what would be
allocatively efficient for agents j = i in isolation.

2.1(0) <0 iff k*(0) & B*(0_;). That is, agent i’s monetary transfer is negative iff
his announcement changes the project decision relative to what would be alloca-
tively efficient for agents j # i in isolation. In such a situation, the agent i is
known to be “pivotal” to the efficient project choice, and he pays a tax equal to
his effect on the other agents.

2.15.2 Clarke Mechanisms and Individual Rationality

We have studied individual rationality (also called voluntary participation) property
in Section 2.10.3. The following proposition investigates the individual rationality
of the Clarke mechanism. First, we provide two definitions.

Definition 2.43 (Choice Set Monotonicity). We say that a mechanism . is choice
set monotone if the set of feasible outcomes X (weakly) increases as additional
agents are introduced into the system. An implication of this property is K_; C
KVi=1,...,n.

Definition 2.44 (No Negative Externality). Consider a choice set monotone mech-
anism .7 . We say that the mechanism .# has no negative externality if for each
agent i, each 0 € @, and each k* ,(6_;) € B*(6_;), we have

V,’(kii(e_,'), 9,) > 0.

We now state and prove a proposition which provides a sufficient condition for the
ex-post individual rationality of the Clarke mechanism. Recall from Section 2.10.3
the notation u;(6;), which represents the utility that agent i receives by withdrawing
from the mechanism.

Proposition 2.6 (Ex-Post Individual Rationality of Clarke Mechanism ). Let us
consider a Clarke mechanism in which

1. 17,(9,) =0V0,e®;Vi=1,...,n
2. The mechanism satisfies choice set monotonicity property,
3. The mechanism satisfies no negative externality property.

Then the Clarke mechanism is ex-post individual rational.

Proof: Recall that utility u;(f(6), 6;) of an agent i in Clarke mechanism is given by
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J# JFi

= [Zvj(k*(e),ej)l - lzvj(k*i(ei)vej)] :
j

J#

ui(f(0),6;) = vi(k*(6),6;) +

By virtue of choice set monotonicity, we know that kii(G,i) € K. Therefore, we
have

ui(f(8),6;) > lzvj(ki;(e—i),ej)l = l;_vj(kii(e—i)79/)]
J JFL
= vi(kZ;(6-:),6;)
> 0=1u;(6;).

The last step follows due to the fact that the mechanism has no negative externality.
Q.E.D.

Example 2.52 (Individual Rationality in Sealed Bid Auction). Let us consider the
example of first-price sealed bid auction. If for each possible type 6;, the utility
u;(6;) derived by the agents i from not participating in the auction is 0, then it is
easy to see that the SCF used in this example would be ex-post IR.

Let us next consider the example of a second-price sealed bid auction. If for each
possible type 6;, the utility 7;(6;) derived by the agents i from not participating in the
auction is 0, then it is easy to see that the SCF used in this example would be ex-post
IR. Moreover, the ex post IR of this example also follows directly from Proposition
2.6 because this is a special case of the Clarke mechanism satisfying all the required
conditions in the proposition.

2.16 Examples of VCG Mechanisms

VCG mechanisms derive their popularity on account of the elegant mathematical
and economic properties that they have and the revealing first level insights they
provide during the process of designing mechanisms for a game theoretic problem.
For this reason, invariably, mechanism design researchers try out VCG mechanisms
first. However, VCG mechanisms do have many limitations. The virtues and limi-
tations of VCG mechanisms are captured by Ausubel and Milgrom [19], whereas
a recent paper by Rothkopf [20] summarizes the practical limitations of applying
VCG mechanisms. In this section, we provide a number of examples to illustrate
some interesting nuances of VCG mechanisms.

Example 2.53 (Vickrey Auction for a Single Indivisible Item). Consider 5 bidders
{1,2,3,4,5}, with valuations v; = 20;v, = 15;v3 = 12;v4 = 10;v5 = 6, participat-
ing in a sealed bid auction for a single indivisible item. If Vickrey auction is the
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mechanism used, then it is a dominant strategy for the agents to bid their valuations.
Agent 1 with valuation 20 will be the winner, and the monetary transfer to agent 1

= Zvj(k* Zv, (6-1),6;)
J#1 J#1
=0—-15=-15.

This means agent 1 would pay an amount equal to 15, which happens to be the
second highest bid (in this case the second highest valuation). Note that 15 is the
change in the total value of agents other than agent 1 when agent 1 drops out of the
system. This is the externality that agent 1 imposes on the rest of the agents. This
externality becomes the payment of agent 1 when he wins the auction.

Another way of determining the payment by agent 1 is to compute his marginal
contribution to the system. The total value in the presence of agent 1 is 20, while
the total value in the absence of agent 1 is 15. Thus the marginal contribution of
agent 1 is 5. The above marginal contribution is given as a discount to agent 1 by
the Vickrey payment mechanism, and agent 1 pays 20 — 5 = 15. Such a discount is
known as the Vickrey discount.

If we use the Clarke mechanism, we have

1:(61,6-;) = Y vi(k*(6),6;) — Y v;(k* 6))

J# JF#i

vaJ (k* (6 ) —vi(k* (0 Zv (k™ ( 6;)
JEN JFi

=Y vi(k'(6),6)) = Y vi(k’;(6-),8)) —vi(k"(6),6;).
jen i

The difference in the first two terms represents the marginal contribution of agent i
to the system while the term v;(k*(60), 6;) is the value received by agent i.

Example 2.54 (Vickrey Auction for Multiple Identical Items). Consider the same set
of bidders as above but with the difference that there are 3 identical items available
for auction. Each bidder wants only one item. If we apply the Clarke mechanism for
this situation, bidders 1, 2, and 3 become the winners. The payment by bidder 1

= ZVJ (k*(6 ZVJ ),6;)
J#1 J#1
= (15412) — (15+ 12+ 10)

= —10.

Thus bidder 1 pays an amount equal to the highest nonwinning bid. Similarly, one
can verify that the payment to be made by the other two winners (namely agent 2
and agent 3) is also equal to 10. This payment is consistent with their respective
marginal contributions.
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Marginal contribution of agent 1 = (20+ 15+ 12) — (15+ 12+ 10) = 10
Marginal contribution of agent 2 = (20+ 15+ 12) — (20+ 12+ 10) =5

Marginal contribution of agent 3 = (20+ 15+ 12) — (20+ 15+ 10) = 2.

In the above example, let the demand by agent 1 be 2 units with the rest of agents
continuing to have unit demand. Now the allocation will allocate 2 units to agent 1
and 1 unit to agent 2.

Payment by agent 1 = 15— (15+ 12+ 10) = —22

Payment by agent 2 =40 — (40 + 12) = —12.

This is because the marginal contribution of agent 1 and agent 2 are given by: agent
1: 55 —37 = 18; agent 2: 55 — 52 =3.

Example 2.55 (Generalized Vickrey Auction). Generalized Vickrey auction (GVA)
refers to an auction that results when the Clarke mechanism is applied to a combina-
torial auction. A combinatorial auction is one where the bids correspond to bundles
or combinations of different items. In a forward combinatorial auction, a bundle
of different types of goods is available with the seller; the buyers are interested in
purchasing certain subsets of the items. In a reverse combinatorial auction, a bundle
of different types of goods is required by the buyer; several sellers are interested in
selling subsets of the goods to the buyer. There is a rich body of literature on com-
binatorial auctions, for example see the edited volume [21]. We discuss a simple
example here. Let a seller be interested in auctioning two items A and B. Let there
be three buying agents {1,2,3}. Let us abuse the notation slightly and denote the
subsets {A}, {B}, {A,B} by A, B, and AB, respectively. These are called combina-
tions or bundles. Assume that the agents have valuations for the bundles as shown
in Table 2.14. In the above table, a “*” indicates that the agent is not interested in

| [ABAB]]
Agent 1|* [*]10
Agent 2(5 |* [*
Agent 3|* |5 |*

Table 2.14 Valuations of agents for bundles in scenario 1

that bundle. Note from Table 2.14 that agent 1 values bundle AB at 10 and does not
have any valuation for bundle A and bundle B. Agent 2 is only interested in bundle
A and has a valuation of 5 for this bundle. Agent 3 is only interested in bundle B
and has a valuation of 5 for this bundle. If we apply the Clarke mechanism to this
situation, the bids from the agents will be identical to the valuations because of the
DSIC property of the Clarke mechanism. There are two allocatively efficient allo-
cations, namely: (1) Allocate bundle AB to agent 1; (2) Allocate bundle A to agent



2.16 Examples of VCG Mechanisms 109

2 and bundle B to agent 3. Each of these allocations has a total value of 10. Suppose
we choose allocation (2), which awards bundle A to agent 2 and bundle B to agent
3. To compute the payments to be made by agents 2 and 3, we have to use the Clarke
payment rule. For this, we analyze what would happen in the absence of agent 2 and
agent 3 separately. If agent 2 is absent, the allocation will award the bundle AB to
agent | resulting in a total value of 10. Therefore, the Vickrey discount to agent 2 is
10— 10 = 0, which means payment to be made by agent 2 is 5+ 0 = 5. Similarly the
Vickrey discount to agent 3 is also 0 and the payment to be made by agent 3 is also
equal to 5. The total revenue to the seller is 545 = 10. Even if allocation (1) is cho-
sen (that is, award bundle AB to agent 1), the total revenue to the seller remains as
10. This is a situation where the seller is able to capture the entire consumer surplus.

A contrasting situation will result if the valuations are as shown in Table 2.15. In

L [A[B[AB]
Agent 1|* |* |10
Agent 2|10[* |*
Agent 3|* [10(*

Table 2.15 Valuations of agents for bundles in scenario 2

this case, the winning allocation is: award bundle A to agent 2 and bundle B to agent
3, resulting in a total value of 20. If agent 2 is not present, the allocation will be to
award bundle AB to agent 1, thus resulting in a total value of 10. Similarly, if agent
3 were not present, the allocation would be to award bundle AB to agent 1, thus
resulting in a total value of 10. This would mean a Vickrey discount of 10 each to
agent 2 and agent 3, which in turn means that the the payment to be made by agent
2 and agent 3 is 0 each! This represents a situation where the seller will end up with
a zero revenue in the process of guaranteeing allocative efficiency and dominant
strategy incentive compatibility. Worse still, if agent 2 and agent 3 are both the false
names of a single agent, then the auction itself is seriously manipulated!

We now study a third scenario where the valuations are as described in Table
2.16. Here, the allocation is to award bundle AB to agent 1, resulting in a total value

L___|A[B[AB]
Agent 1[* |* |10
Agent 2|2 [*|*
Agent 3|* (2 |*

Table 2.16 Valuations of agents for bundles in scenario 3

of 10. If agent 1 were absent, the allocation would be to award bundle A to agent
2 and bundle B to agent 3, which leads to a total value of 4. The Vickrey discount
to agent 1 is therefore 10 — 4 = 6, and the payment to be made by agent 1 is 4.
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The revenue to the seller is also 4. Contrast this scenario with scenario 2, where the
valuations of bidders 2 and 3 were higher, but they were able to win the bundles by
paying nothing. This shows that the GVA mechanism is not foolproof against bidder
collusion (in this case, bidders 2 and 3 can collude and deny the bundle to agent 1
and also seriously reduce the revenue to the seller.

Example 2.56 (Strategy Proof Mechanism for the Public Project Problem). Con-
sider the public project problem discussed in Example 2.31. We shall compute the
Clarke payments by each agent for each type of profile. We will also compute the
utilities. First consider the type profile (20,20). Since k = 0, the values derived by
either agent is zero. Hence the Clarke payment by each agent is zero, and the utilities
are also zero.

Next consider the type profile (60, 20). Note that k(60,20) = 1. Agent 1 derives
a value 35 and agent 2 derives a value —5. If agent 1 is not present, then agent 2
is left alone and the allocation will be 0 since its willingness to pay is 20. Thus the
value to agent 2 when agent 1 is not present is 0. This means

11(60,20) = —5—0 = —5.

This implies agent 1 would pay an amount of 5 units in addition to 25 units, which
is its contribution to the cost of the project. The above payment is consistent with
the marginal contribution of agent 1, which is equal to (60 —25) 4 (20 —25) —0 =
35-5=30.

We can now determine the utility of agent 1, which will be

11 (60,20) = v1(60,20) + 1, (60,20)
=35-5=230.

To compute #,(60,20), we first note that the value to the agent 1 when agent 2 is not
present is (60 — 50). Therefore

£>(60,20) = 35— 10 = 25.

This means agent 2 receives 25 units of money; of course, this is besides the 25 units
of money it pays towards the cost of the project. Now

12(60,20) = 1(60,20) +£,(60,20)
= —5+25
= 20.

Likewise, we can compute the payments and utilities of the agents for all the type
profiles. Table 2.17 provides these values. Note that this mechanism is ex-post indi-
vidually rational assuming that the utility for not participating in the mechanism is
zero.

Example 2.57 (Strategy Proof Network Formation). Consider the problem of form-
ing a supply chain as depicted in Figure 2.13. The node S represents a start-
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(61,62)11(61,6,)|12(01,62) |11 (61, 62) |u2(61,62)
(20, 20) 0 0 0 0
(60, 20) -5 25 30 20
(20, 60) 25 -5 20 30
(60, 60) 25 25 60 60

Table 2.17 Payments and utilities for different type profiles

ing state and T represents a target state; A and B are two intermediate states.
SP;,SP,,SP;,SPy are four different service providers. In the figure, the service

Fig. 2.13 A network formation problem - case 1

providers are represented as owners of the respective edges. The cost of provid-
ing service (willingness to sell) is indicated on each edge. The problem is to procure
a path from S to T having minimum cost. Let (y;,y2,y3,y4) represent the allocation
vector. The feasible allocation vectors are

K ={(1,1,0,0),(0,0,1,1)}.

Among these, the allocation (1, 1,0,0) is allocatively efficient since it minimizes the
cost of allocation. We shall define the value as follows:

vi((y1,¥2,53,4): 6;) = —i6;.

The above manner of defining the values reflects the fact that cost minimization is
the same as value maximization. Applying Clarke’s payment rule, we obtain

5] (9)
tz(e)

—10—(=25) =15
—10—(—25) = 15.

Note that each agent gets a surplus of 5, being its marginal contribution. The utilities
for these two agents are
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u;(0) = —-10+15=5
uy(0) = =10+ 15 =5,

The payments and utilities for SP; and SP, are zero. Let us study the effect of chang-
ing the willingness to sell of SP;. Let us make it as 15. Then, we find that both the
allocations (1,1,0,0) and (0,0, 1, 1) are allocatively efficient. If we choose the allo-
cation (1,1,0,0), we get the payments as

( 10
( 10
(6)=0
( 0.

u29

This means that the payments to the service providers are equal to the costs. There
is no surplus payment to the winning agents. In this case, the mechanism is friendly
to the buyer and unfriendly to the sellers.

If we make the willingness to sell of SPy as 95, the allocation (1,1,0,0) is effi-
cient and we get the payments as

u (6
ur (6

(6) =90
12(6)29
(6) =80
(6) =80

In this case, the mechanism is extremely unfriendly to the buyer but is very attractive
to the sellers.
Let us introduce one more edge from B to A and see the effect. See Figure 2.14.

Fig. 2.14 A network formation problem - case 2

The efficient allocation here is (0, 1, 1, 0, 1). The payments are
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u;e

(

(

(
u (0

(
Mz(e

This shows that the total payments to be made by the buyer is 26 whereas the total
payment if the service provider SPs were absent is 20. Thus in spite of an additional
agent being available, the payment to the buyer is higher. This shows a kind of non-
monotonicity exhibited by the Clarke payment rule.

Example 2.58 (A Groves (but not Clarke) Mechanism). Consider a sealed bid auc-
tion for a single indivisible item where the bidder with the highest bid is declared
as the winner and the winner pays an amount equal to equal to twice the bid of the
bidder with the lowest valuation among the rest of the agents. Such a payment rule
is not a Clarke payment rule but does belong to the Groves payment scheme.

As an example consider 5 bidders with valuations 20, 15, 12, 10, 8. The bidder
with valuation 20 is declared the winner and will pay an amount = 16. On the other
hand, if there are only three bidders with values 20, 15, 12, the first bidder wins but
has to pay 24. It is clear that this is not individually rational.

2.17 Bayesian Implementation: The dAG VA Mechanism

Recall that we mentioned two possible routes to get around the Gibbard—Satterthwaite
Impossibility Theorem. The first was to focus on restricted environments like the
quasilinear environment, and the second one was to weaken the implementation
concept and look for an SCF which is ex-post efficient, nondictatorial, and Bayesian
incentive compatible. In this section, our objective is to explore the second route.

Throughout this section, we will once again be working with the quasilinear en-
vironment. As we saw earlier, the quasilinear environments have a nice property
that every social choice function in these environments is nondictatorial. Therefore,
while working within a quasilinear environment, we do not have to worry about the
nondictatorial part of the social choice function. We can just investigate whether
there exists any SCF in quasilinear environment, which is both ex-post efficient and
BIC, or equivalently, which has three properties — AE, BB, and BIC. Recall that in
the previous section, we have already addressed the question whether there exists
any SCF in quasilinear environments that is AE, BB, and DSIC, and we found that no
function satisfies all these three properties. On the contrary, in this section, we will
show that a wide range of SCFs in quasilinear environments satisfy three properties
— AE, BB, and BIC.
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2.17.1 The dAGVA Mechanism

The following theorem, due to d’ Aspremont and Gérard-Varet [22] and Arrow [23]
confirms that in quasilinear environments, there exist social choice functions that are
both ex-post efficient and Bayesian incentive compatible. We refer to this theorem
as the dJAGVA Theorem.

Theorem 2.12 (The dAGVA Theorem). Let the social choice function f(-) =
(k*(:),11(*)y- -+, ta(+)) be allocatively efficient and the agents’ types be statistically
independent of each other (i.e. the density ¢ (-) has the form ¢;(-) X ... X ¢,(+)). This
function can be truthfully implemented in Bayesian Nash equilibrium if it satisfies
the following payment structure, known as the dAAGVA payment (incentive) scheme:

1(0) = Y vk (6,6-),6))

J#i

Fhi(6) Yi=1,....,n; YO €O (2.23)

where h;(+) is any arbitrary function of 6_;.

Proof: Let the social choice function f(-) = (k*(-),71(-),...,t(:)) be allocatively
efficient, i.e., it satisfies the condition (2.17) and also satisfies the dAGVA payment
scheme (2.23). Consider

Eg_, [ui(f(6:,6-:),6,)|6:] = Eq_, [vi(k™(6;,6-,),6;) +1:(6;,0-;)|6/].

Since 6; and 6_; are statistically independent, the expectation can be taken without
conditioning on 6;. This will give us

EG,i [u,-(f(Gh 9,,'), 9,)‘911 = EG,,‘ |:V,'(k*(9,'7 9,,’)7 6,) +/’l,‘(9 +E9

Zv/(k* (6:1.0-,), é»”

+Eg [ ( 1)]

= Eg., [fv;(k*(ei,e,») 0,)

Jj=1

Since k*(-) satisfies the condition (2.17),

vi(k*(6;,6-;),8;)V 6 € O

.M:
M:

vi(k*(6:,6-),6;) >

1 j=1

J

Thus we get, V é,- € 0;

|:Zv] (6,,6_:),6;)

+ EG,,- [h > E9

Zvj (6:,6-1),0)) | +Ee_,[hi(6_7)].

Again by making use of statistical independence we can rewrite the above in-
equality in the following form

Eo  [ui(f(6:,6-1),6:)|6] > Eq , [ui(f(6:,0-,),6,)|6;] ¥ ; € O,
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This shows that when agents j # i announce their types truthfully, agent i finds that
truth revelation is his optimal strategy, thus proving that the SCF is BIC.
Q.E.D.

After the results of d’Aspremont and Gérard-Varet [22] and Arrow [23], a direct
revelation mechanism in which the SCF is allocatively efficient and satisfies the
dAGVA payment scheme is called as JAGVA mechanism/expected externality mech-
anism/expected Groves mechanism.

Definition 2.45 (dAGVA/expected externality/expected Groves Mechanisms). A
direct revelation mechanism, 2 = ((0;)ien, f(+)) in which f(-) = (k(-), 1 (), ..., 1,(*))
satisfies (2.17) and (2.23) is known as dAGVA/expected externality/expected Groves
Mechanism.?

2.17.2 The dAGVA Mechanism and Budget Balance

We now show that the functions #;(-) above can be chosen to guarantee Y, 7;(6) =
0. Let us define,

&i(6,) = Eé—i ;Vj(k*(ei’éi)’éj)] Vi=1,...,n
J#i
(o) = — (nil)jzﬁgj(ej) Vie1,...n.

In view of the above definitions, we can say that

n—1

0) = &)~ (1) L&)

J#i
= Y0 = 3600 - (1) L L0
i=1 i=1 i=1j#i
= 3u0) = Y5000~ (1 ) Lo- 1069
i=1 i=1 i=1
= iti(e) =0

The budget balanced payment structure of the agents in the above mechanism can
be given a nice graph theoretic interpretation. Imagine a directed graph G = (V,A)
where V is the set of n+ 1 vertices, numbered 0, 1,...,n, and A is the set of [n+
n(n—1)] directed arcs. The vertices starting from 1 through n correspond to the n

2 We will sometimes abuse the terminology and simply refer to a SCF f (+) satisfying (2.17) and
(2.23) as dAGVA/expected externality/expected Groves Mechanism.
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agents involved in the system and the vertex number O corresponds to the social
planner. The set A consists of two types of the directed arcs:

1. Arcs0—i Vi=1,...,n,
2. Arcsi— j Vi, je{1,2,...,n};i#j.

Each of the arcs 0 — i carries a flow of #;(0) and each of the arcs i — j carries a
flow of % Thus the total outflow from a node i € {1,2,...,n} is &/(6;) and total
inflow to the node i from nodes j € {1,2,...,n} is —h;i(6_;) = (-15) ¥, &;(6;)
Thus for any node i, #;(6) + h;(6_;) is the net outflow which it is receiving from
node 0 in order to respect the flow conservation constraint. Thus, if ;(+) is positive
then the agent i receives the money from the social planner and if it is negative,
then the agent pays the money to the social planner. However, by looking at flow
conservation equation for node 0, we can say that total payment received by the
planner from the agents and total payment made by the planner to the agents will
add up to zero. In graph theoretic terms, the flow from node i to node j can be
justified as follows. Each agent i first evaluates the expected total valuation that
would be generated together by all his rival agents in his absence, which turns out
to be &;(6;). Now, agent i divides it equally among the rival agents and pays to every
rival agent an amount equivalent to this. The idea can be better understood with the
help of Figure 2.15, which depicts the three agents case.

Fig. 2.15 Payment structure showing budget balance in the expected externality mechanism

Example 2.59 (dAAGVA Mechanism for Sealed Bid Auction). Consider a selling
agent 0 and two buying agents 1, 2. The buying agents submit sealed bids to buy a
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single indivisible item. Let 0; and 6, be the willingness to pay of the buyers. Let us

define the usual allocation function:

y1(61,6,) = 1if 6; > 6,
= Oelse

y2(01,6,) = 1if 6; < 6,
= Oelse.

Let ®; = ®, = [0, 1] and assume that the bids from the bidders are i.i.d. uniform dis-
tributions on [0, 1]. Also assume that @) = {0}. Assuming that the JAGVA mecha-

nism is used, the payments can be computed as follows:

1(61,6,) = Eg_, lZ v;(k(0), ej)] — %
J#i

J# I£]

It can be shown that

This can be compared to the first price auction in which case

1(6) =~ (0)
lz(e) = —%yz(e).

Also, one can compare with the second price auction, where

1(0) = —62y1(0)
©(0) = —612(0).

2.17.3 The Myerson—Satterthwaite Theorem

ZEGﬂ‘ {Z Vl(k(9)7 6/)

i}

We have so far not seen a single example where we have all the desired properties
in an SCF: AE, BB, BIC, and IR. This provides a motivation to study the feasibility

of having all these properties in a social choice function.

The Myerson—Satterthwaite Theorem is a disappointing news in this direction,
since it asserts that in a bilateral trade setting, whenever the gains from the trade are
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possible but not certain, then there is no SCF that satisfies AE, BB, BIC, and Interim
IR all together. The precise statement of the theorem is as follows.

Theorem 2.13 (Myerson—-Satterthwaite Impossibility Theorem). Consider a bi-
lateral trade setting in which the buyer and seller are risk neutral, the valuations
61 and 6, are drawn independently from the intervals [6,,6,] C R and [6,,6,] C R
with strict positive densities, and (61, 01)((62,602) # 0. Then there is no Bayesian
incentive compatible social choice function that is ex-post efficient and gives every
buyer type and every seller type nonnegative expected gains from participation.

For a proof of the above theorem, refer to Proposition 23.E.1 of [6].

2.17.4 Mechanism Design Space in Quasilinear Environment

Figure 2.16 shows the space of mechanisms taking into account all the results we
have studied so far. A careful look at the diagram suggests why designing a mecha-
nism that satisfies a certain combination of properties is quite intricate.

GROVES
i

AE : Allocative Efficient SBB: Strict Budget Balanced

DSIC : Dominant strategy Incentive Compatible

WEBB : Weak Budget Balanced BIC : Bayesian Incentive Compatible
IR :Interim Individually Rational EPE: Ex-post efficient

Fig. 2.16 Mechanism design space in quasilinear environment
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2.18 Bayesian Incentive Compatibility in Linear Environment

The linear environment is a special, but often-studied, subclass of the quasilinear
environment. This environment is a restricted version of the quasilinear environment
in the following sense.

1. Each agent i’s type lies in an interval ©; = [8,,6;] C R with 8, < 6.

2. Agents’ types are statistically independent, that is, the density ¢ () has the form
O1() XX Pa(c).

. (P,'(Gi) >0V6 e [Qi,ei] Vi=1,...,n.

4. Each agent i’s utility function takes the following form

(O8]

ui(x, 6;) = 6v;(k) +m;+1;.

The linear environment has very interesting properties in terms of being able to
obtain a characterization of the class of BIC social choice functions. Before we
present Myerson’s Characterization Theorem for BIC social choice functions in a
linear environment, we would like to define the following quantities with respect to
any social choice function f(-) = (k(-),#1(+),...,t,(+)) in this environment.

o Let7(6;) =Eg_[t:(6;,0_;)] be agent i’s expected transfer given that he announces
his type to be 6; and tpat all agents j # i truthfully reveal their types.

o Let v;(6;) = Eg_,[vi(6;,60_;)] be agent i’s expected “benefits” given that he an-
nouncesAhis type to be o; aqd that all agents j # i truthfully reveal their types.

o Let U;(6i|6;) = Eg_,[ui(f(6;,0-;),6;)|6;] be agent i’s expected utility when his
type is 6;, he announces his type to be 6;, and that all agents j # i truthfully
reveal their types. It is easy to verify from the previous two definitions that

Ui(6:16:) = 0:7i(6;) +7(6)).

o Let U;(6;) = Ui(6]6;) be the agent i’s expected utility conditional on his type
being 6; when he and all other agents report their true types. It is easy to verify
that

Ui(6;) = 6:vi(6;) +1,(6;).
With the above discussion as a backdrop, we now present Myerson’s [24] theorem
for characterizing the BIC social choice functions in this environment.

Theorem 2.14 (Myerson’s Characterization Theorem). In linear environment,
a social choice function f(-) = (k(-),t1(-),...,tx(+)) is BIC if and only if, for all
i=1,...,n

1. vi(+) is nondecreasing,

2. Ui(6) = Ui(8) + [y vi(s)ds ¥ 6.
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For a proof of the above theorem, refer to Proposition 23.D.2 of [6]. The above
theorem shows that to identify all BIC social choice functions in a linear environ-
ment, we can proceed as follows: First identify which functions k(-) lead every
agent i’s expected benefit function v;(-) to be nondecreasing. Then, for each such
function identify transfer functions 7;(-),...,7,(-) that satisfy the second condition
of the above proposition. Substituting for U;(+) in the second condition above, we
get that expected transfer functions are precisely those that satisfy, fori =1,...,n,

0;
F(8) = (6) + 67i(6) — 6 (6) + | Ti(s)ds

for some constant 7;(6;). Finally, choose any set of transfer functions #;(-),...,2,(-)
such that Eg ,[t;(6;,6_;)] = 7;(6;) for all 6;. In general, there are many such func-
tions, f;(-, -); one, for example, is simply ;(6;,0_;) = 7;(6;).

In what follows we discuss two examples where the environment is linear and
analyze the BIC property of the social choice function by means of Myerson’s Char-

acterization Theorem.

Example 2.60 (First-Price Sealed Bid Auction in Linear Environment). Consider the
first-price sealed bid auction. Let us assume that S; = ©; = [6,,6;] Vi€ N. In
such a case, the first-price auction becomes a direct revelation mechanism & =
((0)ien, f(+)), where f(-) is an SCF that is the same as the outcome rule of the
first-price auction. Let us impose the additional conditions on the environment to
make it linear. We assume that

1. Bidders’ types are statistically independent, that is, the density ¢ (-) has the form

01(:) X ... x ¢, (") o

2. Let each bidder draw his type from the set [6;, 6;] by means of a uniform distri-

bution, that is ¢;(6;) = 1/(6; — 6;) V 6, € [6,,6,] Vi=1,...,n.

Note that the utility functions of the agents in this example are given by
ui(£(0),6,) = 60y:(0)+1:(0)Vi=1,....n.

Thus, observing y;(0) = v;(k(0)) will confirm that these utility functions also satisfy
the fourth condition required for a linear environment. Now we can apply Myerson’s
Characterization Theorem to test the Bayesian incentive compatibility of the SCF
involved here. It is easy to see that for any bidder i, we have

vi(6:) = Eo_;[vi(6;,6-)]
= Eq ,[yi(6;,6_;)]
= 1P{(6_)(u_1) < 6} +0.(1=P{6; < (6_)(n_1)})
=P{(60-)(-1) <6} (2.24)

where P{(G,i)m_l) < 6;} is the probability that the given type 6; of the bidder i
is the highest among all the bidders’ types. This implies that in the presence of the
independence assumptions made above, v;(6;) is a nondecreasing function.
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We know that for a first-price sealed bid auction, 7;(0) = —6,y;(6). Therefore,
we can claim that for a first-price sealed bid auction, we have

l‘j‘(@,’) = —9,‘17,'(9,') V6 €6,

The above values of v;(6;) and 7;(6;) can be used to compute U;(6;) in the following
manner:

U,'(G,') = 9,‘7,‘(9,’) +fi(9i) =0Ve6e [@,5,] (2.25)
The above equation can be used to test the second condition of Myerson’s Theorem,
which requires

(6 = i) + | (s)as.

In view of Equations (2.24) and (2.25), it is easy to see that this second condition of
Myerson’s Characterization Theorem is not being met by the SCF used in the first-
price sealed bid auction. Therefore, we can finally claim that a first-price sealed bid
auction is not BIC in linear environment.

Example 2.61 (Second-Price Sealed Bid Auction in a Linear Environment). Con-
sider the second-price sealed bid auction. Let us assume that §; = ©; = @,m Vie
N. In such a case, the second-price auction becomes a direct revelation mechanism
2 = ((6)ien, f(+)), where f(-) is an SCF that is the same as the outcome rule
of the second-price auction. We have already seen that this SCF f(-) is DSIC in
quasilinear environment, and a linear environment is a special case of a quasilin-
ear environment; therefore, it is DSIC in the linear environment also. Moreover, we
know that DSIC implies BIC. Therefore, we can directly claim that the SCF used in
the second-price auction is BIC in a linear environment.

2.19 Revenue Equivalence Theorem

In this section, we prove two results that show the revenue equivalence of certain
classes of auctions. The first theorem is a general result that shows the revenue
equivalence of two auctions that satisfy certain conditions. The second result is a
more specific result that shows the revenue equivalence of four different types of
auctions (English auction, Dutch auction, first price auction, and second price
auction) in the special context of an auction of a single indivisible item. The proof
of the second result crucially uses the first result.
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2.19.1 Revenue Equivalence of Two Auctions

Assume that y;(0) is the probability of agent i getting the object when the vector of
announced types is 0 = (0y,...,0,). The expected payoff to the buyer i with a type
profile 6 = (6;,---,6,) will be y;(0)6; +1;(6). The set of allocations is given by

n
K={(y1,~--,yn):yi€ 0, 1)Vi=1,---,m; ) y; < 1}.
i=1

As earlier, let y;(6;) = Eg_,[yi(6;,0_;)] be the probability that agent i gets the object
conditional to announcing his type as 6;, with the rest of the agents announcing their
types truthfully. Similarly, 7;(6;) = Eg ,[1;(6;,6_;)] denotes the expected payment
received by agent i conditional to announcing lAliS type as 6;, with the rest of the
agents announcing their types truthfully. Let v;(6;) = y;(6;). Then,

Ui(6;) = vi(6:,)6; +1:(6;)

denotes the payoff to agent i when all the buying agents announce their types truth-
fully. We now state and prove an important proposition.

Theorem 2.15. Consider an auction scenario with:

1. n risk-neutral bidders (buyers) 1,2,--- .n - -
2. The valuation of bidder i (i =1,--- ,n) is a real interval [6;,6;] C R with 6; < 6;.
3. The valuation of bidder i (i =1,--- ,n) is drawn from [6;,6;] with a strictly posi-

tive density ¢;(.) > 0. Let ®;(.) be the cumulative distribution function.
4. The bidders’ types are statistically independent.

Suppose that a given pair of Bayesian Nash equilibria of two different auction pro-
cedures are such that:

e For every bidder i, for each possible realization of (0y,---,6,), bidder i has an
identical probability of getting the good in the two auctions.

e Every bidder i has the same expected payoff in the two auctions when his valua-
tion for the object is at its lowest possible level.

Then the two auctions generate the same expected revenue to the seller.

Before proving the theorem, we elaborate on the first assumption above, namely risk
neutrality. A bidder is said to be:

e risk-averse if his utility is a concave function of his wealth; that is, an increment
in the wealth at a lower level of wealth leads to an increment in utility that is
higher than the increase in utility due to an identical increment in wealth at a
higher level of wealth;
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e risk-loving if his utility is a convex function of his wealth; that is, an increment in
the wealth at a lower level of wealth leads to an increment in utility that is lower
than the increase in utility due to an identical increment in wealth at a higher
level of wealth; and

e risk-neutral if his utility is a linear function of his wealth; that is, an increment
in the wealth at a lower level of wealth leads to the same increment in the utility
as an identical increment would yield at a higher level of wealth.

Proof: By the revelation principle, it is enough that we investigate two Bayesian
incentive compatible social choice functions in this auction setting. It is enough that
we show that two Bayesian incentive compatible social choice functions having (a)
the same allocation functions (y;(0),:--,y,(0)) V6 € O, and (b) the same values
of Ui (61),--+,U,(6,) will generate the same expected revenue to the seller.

We first derive an expression for the seller’s expected revenue given any Bayesian
incentive compatible mechanism. Expected revenue to the seller

= Zn:EQ [—t,-(e)]. (2.26)
i=1

Now, we have:

Eyg [—li(e)] = EG,-[_E(-L,»[IZ( )]]

(6
= /(L)_e[[y(ei)e,»—U,-(ei)]¢,-(9,»)d9,»
:/i 6)

0;

[

[M po-uie)] - [ iw(s)ds] 6,(6)46,

The last step is an implication of Myerson’s characterization of Bayesian incentive
compatible functions in linear environment. The above expression is now equal to

= [/: ()’i(ei)ei_/:iyi(s)ds> 0i(6:)d6;

Now, applying integration by parts with fe(j '¥i(s)ds as the first function, we get

([ siias) aenas

—Ui(6)).

Therefore we get
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/:yi(ei){ 0; — m} ‘Pi(ei)dei]

9 6
[ [Msto
0 n

Eq[~1i(6:)] = —Ui(6;) +

= -Ui(6) +

X(el 0:(6;) )<JI_II¢J(9])>d9n dGI]

6 6,
)Ti(e,-):/ yi(61,---,6,) d6,---db.
91 97,1 h\/_/

since

without d6;

Therefore the expected revenue of the seller

= {/:.../:liilyi(eh... ,6) (91—1;):(21()61))} (Jlilld),(ﬂj)) de,---de,
o

By looking at the above expression, we see that any two Bayesian incentive com-
patible social choice functions that generate the same functions (y;(0),---,y,(0))
and the same values of (U;(61),---,U,(6,)) generate the same expected revenue to
the seller.

As an application of the above theorem, we now state and prove a revenue equiv-
alence theorem for a single indivisible item auction. The article by McAfee and
McMillan [25] is an excellent reference for this topic and a part of the discussion in
this section is inspired by this article.

2.19.2 Revenue Equivalence of Four Classical Auctions

There are four basic types of auctions when a single indivisible item is to be sold:

1. English auction: This is also called oral auction, open auction, open cry auction,
and ascending bid auction. Here, the price starts at a low level and is successively
raised until only one bidder remains in the fray. This can be done in several ways:
(a) an auctioneer announces prices, (b) bidders call the bids themselves, or (b)
bids are submitted electronically. At any point of time, each bidder knows the
level of the current best bid. The winning bidder pays the latest going price.

2. Dutch auction: This is also called a descending bid auction. Here, the auctioneer
announces an initial (high) price and then keeps lowering the price iteratively
until one of the bidders accepts the current price. The winner pays the current
price.
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3. First price sealed bid auction: Recall that in this auction, potential buyers sub-
mit sealed bids and the highest bidder is awarded the item. The winning bidder
pays the price that he has bid.

4. Second price sealed bid auction: This is the classic Vickrey auction. Recall that
potential buyers submit sealed bids and the highest bidder is awarded the item.
The winning bidder pays a price equal to the second highest bid (which is also
the highest losing bid).

When a single indivisible item is to be bought or procured, the above four types
of auctions can be used in a reverse way. These are called reverse auctions or pro-
curement auctions. In this section, we would be discussing the Revenue Equivalence
Theorem as it applies to selling. The procurement version can be analyzed on similar
lines.

2.19.2.1 The Benchmark Model

There are four assumptions underlying the derivation of the Revenue Equivalence
Theorem: (1) risk neutrality of bidders; (2) bidders have independent private values;
(3) bidders are symmetric; (4) payments depend on bids alone. These are described
below in more detail.

(1) Risk Neutrality of Bidders

It is assumed in the benchmark model that all the bidders are risk neutral. This
immediately implies that the utility functions are linear.

(2) Independent Private Values Model

In the independent private values model, each bidder knows precisely how much
he values the item. He has no doubt about the true value of the item to him. How-
ever, each bidder does not know anyone else’s valuation of the item. Instead, he
perceives any other bidder’s valuation as a draw from some known probability dis-
tribution. Also, each bidder knows that the other bidders and the seller regard his
own valuation as being drawn from some probability distribution. More formally,
let N ={1,2,---,n} be the set of bidders. There is a probability distribution ®;
from which bidder i draws his valuation v;. Only bidder i observes his own valua-
tion v;, but all other bidders and the seller know the distribution &®;. Any one bidder’s
valuation is statistically independent from any other bidder’s valuation.

An apt example of this assumption is provided by the auction of an antique in
which the bidders are consumers buying for their own use and not for resale. An-
other example is government contract bidding when each bidder knows his own
production cost if he wins the contract.
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A contrasting model is the common value model. Here, if V is the unobserved
true value of the item, then the bidders’ perceived values v;,i = 1,2,--- ,n are in-
dependent draws from some probability distribution H (v;|V). All the bidders know
the distribution H. An example is provided by the sale of an antique that is being
bid for by dealers who intend to resell it. The item has one single objective value,
namely its market price. However, no one knows the true value. The bidders, per-
haps having access to different information, have different guesses about how much
the item is objectively worth. Another example is that of the sale of mineral rights to
a particular tract of land. The objective value here is the amount of mineral actually
lying beneath the ground. However no one knows its true value.

Suppose a bidder were somehow to learn another bidder’s valuation. If the sit-
uation is described by the common value model, then the above provides useful
information about the likely true value of the item, and the bidder would probably
change his own valuation in light of this. If the situation is described by the inde-
pendent private values model, the bidder knows his own mind, and learning about
others’ valuations will not cause him to change his own valuation (although he may,
for strategic reasons, change his bid).

Real world auction situations are likely to contain aspects of both the independent
private values model and the common value model. It is assumed in the benchmark
model that the independent private values assumption holds.

(3) Symmetry

This assumption implies that all the bidders have the same set of possible valuations,
and further they draw their valuations using the same probability density ¢. That is,

=p=...=¢=09¢.

(4) Dependence of Payments on Bids Alone

It is assumed that the payment to be made by the winner to the auctioneer is a
function of bids alone.

Theorem 2.16 (Revenue Equivalence Theorem for Single Indivisible Item Auc-
tions). Consider a seller or an auctioneer trying to sell a single indivisible item in
which n bidders are interested. For the benchmark model (bidders are risk neutral,
bidders have independent private values, bidders are symmetric, and payments de-
pend only on bids), all the four basic auction types (English auction, Dutch auction,
first price auction, and second price auction) yield the same average revenue to
the seller.

The result looks counter intuitive: For example, it might seem that receiving the
highest bid in a first price sealed bid auction must be better for the seller than receiv-
ing the second highest bid, as in second price auction. However, it is to be noted that
bidders act differently in different auction situations. In particular, they bid more
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aggressively in a second price auction than in a first price auction.

Proof: The proof proceeds in three parts. In Part 1, we show that the first price
auction and the second price auction yield the same expected revenue in their re-
spective equilibria. In Part 2, we show that the Dutch auction and the first price
auction produce the same outcome. In Part 3, we show that the English auction and
the second price auction yield the same outcome.

Part 1: Revenue Equivalence of First Price Auction and Second Price Auction

The first price auction and the second price auction satisfy the conditions of the
theorem on revenue equivalence of two auctions.

e In both the auctions, the bidder with the highest valuation wins the auction.

e bidders’ valuations are drawn from [6;,6;] and a bidder with valuation at the

lower limit of the interval has a payoff of zero in both the auctions.

Thus the theorem can be applied to the equilibria of the two auctions: Note that in
the case of the first price auction, it is a Bayesian Nash equilibrium while in the case
of the second price auction, it is a weakly dominant strategy equilibrium. In fact, it
can be shown in any symmetric auction setting (where the bidders’ valuations are
independently drawn from identical distributions) that the conditions of the above
proposition will be satisfied by any Bayesian Nash equilibrium of the first price
auction and the weakly dominant strategy equilibrium of the second price scaled
bid auction.

Part 2: Revenue Equivalence of Dutch Auction and First Price Auction

To see this, consider the situation facing a bidder in these two auctions. In each
case, the bidder must choose how high to bid without knowing the other bidders’
decisions. If he wins, the price he pays equals his own bid. This result is true irre-
spective of which of the assumptions in the benchmark model apply. Note that the
equilibrium in the underlying Bayesian game in the two cases here is a Bayesian
Nash equilibrium.

Part 3: Revenue Equivalence of English Auction and Second Price Auction

First we analyze the English auction. Note that a bidder drops out as soon the going
price exceeds his valuation. The second last bidder drops out as soon as the price
exceeds his own valuation. This leaves only one bidder in the fray and he wins
the auction. Note that the winning bidder’s valuation is the highest among all the
bidders and he earns some payoff in spite of the monopoly power of the seller. Only
the winning bidder knows how much payoff he receives because only he knows his
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own valuation. Suppose the valuations of the n bidders are v(1),v(z), -+, V(). Since
the bidders are symmetric, these valuations are draws from the same distribution and
without loss of generality, assume that these are in descending order. The winning
bidder gets a payoff of v(;) —v(a).

Next we analyze the second price auction. In the second price auction, the bid-
der’s choice of bid determines only whether or not he wins; the amount he pays if he
wins is beyond his control. We have already shown that each bidder’s equilibrium
best response strategy is to bid his own valuation for the item. The payment here is
equal to the actual valuation of the bidder with the second highest valuation. Thus
the expected payment and payoff are the same in English auction and the second
price auction. This establishes Part 3 and therefore proves the Revenue Equivalence
Theorem.

Note that the outcomes of the English auction and the second price auction sat-
isfy a weakly dominant strategy equilibrium. That is, each bidder has a well defined
best response bid regardless of how high he believes his rivals will bid. In the second
price auction, the weakly dominant strategy is to bid true valuation. In the English
auction, the weakly dominant strategy is to remain in the bidding process until the
price reaches the bidder’s own valuation.

2.19.2.2 Some Observations

We now make a few important observations.

e The theorem does not imply that the outcomes of the four auction forms are
always exactly the same. They are only equal on average.

— Note that in the English auction or the second price auction, the price exactly
equals the valuation of the bidder with the second highest valuation, v(,). In
Dutch auction or the first price auction, the price is the expectation of the
second highest valuation conditional on the winning bidder’s own valuation.
The above two prices will be equal only by accident; however, they are equal
on average.

e Bidding strategy is very simple in the English auction and the second price auc-
tion. In the former, a bidder remains in bidding until the price reaches his valua-
tion. In the latter, he submits a sealed bid equal to his own valuation.

e On the other hand, the bidding logic is quite complex in the Dutch auction and
the first price auction. Here the bidder bids some amount less than his true val-
uation. Exactly how much less depends upon the probability distribution of the
other bidders’ valuations and the number of competing bidders. Finding the Nash
equilibrium bid is a non-trivial computational problem.

e The Revenue Equivalence Theorem for the single indivisible item is devoid of
empirical predictions about which type of auction will be chosen by the seller
in any particular set of circumstances. However when the assumptions of the
benchmark model are relaxed, particular auction forms emerge as being superior.
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e The variance of revenue is lower in English auction or second price auction than
in Dutch auction or first price auction. Hence if the seller were risk averse, he
would choose English or second price rather than Dutch or first price.

For more details on the revenue equivalence theorems, the reader is referred to the
papers by Myerson [24], McAfee and McMillan [25], Klemperer [26], and the books
by Milgrom [27] and Krishna [28].

2.20 Myerson Optimal Auction

A key problem that faces a social planner is to decide which direct revelation mech-
anism (or equivalently, social choice function) is optimal for a given problem. We
now attempt to formalize the notion of optimality of social choice functions and
optimal mechanisms. For this, we first define the concept of a social utility function.

Definition 2.46 (Social Utility Function). A social utility function is a function
w: R" — R that aggregates the profile (uy,...,u,) € R" of individual utility values
of the agents into a social utility.

Consider a mechanism design problem and a direct revelation mechanism & =
((0))ien, f(+)) proposed for it. Let (6y,...,6,) be the actual type profile of the
agents and assume for a moment that they will all reveal their true types when re-
quested by the planner. In such a case, the social utility that would be realized by
the social planner for a type profile 6 of the agents is given by:

W(ul(f(e)ael)a"-7un(f(0)?6n))' (227)

However, recall the implicit assumption behind a mechanism design problem,
namely, that the agents are autonomous, and they would report a type as dictated
by their rational behavior. Therefore, the assumption that all the agents will report
their true types is not true in general. In general, rationality implies that the agents
report their types according to a strategy suggested by a Bayesian Nash equilibrium
§*(-)=(s7(-),...,85(-)) of the underlying Bayesian game. In such a case, the social
utility that would be realized by the social planner for a type profile 6 of the agents
is given by

W(”l (f(S*(e)), 91)7 s 7un(f(s*(6))ﬂ en)) (228)

In some instances, the above Bayesian Nash equilibrium may turn out to be a dom-
inant strategy equilibrium. Better still, truth revelation by all agents could turn out
to be a Bayesian Nash equilibrium or a dominant strategy equilibrium.
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2.20.1 Optimal Mechanism Design Problem

In view of the above notion of a social utility function, it is clear that the objective of
a social planner would be to look for a social choice function f(-) that would max-
imize the expected social utility for a given social utility function w(-). However,
being the social planner, it is always expected of him to be fair to all the agents.
Therefore, the social planner would first put a few desirable constraints on the set
of social choice functions from which he can probably choose. The desirable con-
straints may include any combination of all the previously studied properties of a
social choice function, such as ex-post efficiency, incentive compatibility, and indi-
vidual rationality. This set of social choice functions is known as a set of feasible
social choice functions and is denoted by F. Thus, the problem of a social planner
can now be cast as an optimization problem where the objective is to maximize the
expected social utility, and the constraint is that the social choice function must be
chosen from the feasible set F. This problem is known as the optimal mechanism
design problem and the solution of the problem would be social choice function
f*(-) € F, which is used to define the optimal mechanism Z* = ((6;);en, f*(-)) for
the problem that is being studied.

Depending on whether the agents are loyal or autonomous rational entities, the
optimal mechanism design problem may take two different forms.

e Eo bw(un (£(6),80)...(£(6). 6,)] (229)
n}?ﬁi?;eEe (a1 (£(57(8)),61), ., ta (f(57(8)), 6,))] (230)

The problem (2.29) is relevant when the agents are loyal and always reveal their true
types whereas the problem (2.30) is relevant when the agents are rational. At this
point of time, one may ask how to define the set of feasible social choice functions
F. There is no unique definition of this set. The set of feasible social choice functions
is a subjective judgment of the social planner. The choice of the set F' depends on
the desirable properties the social planner would wish to have in the optimal social
choice function f*(-). If we define

Foge ={f:0 = X|f
Fye = {f:0-Xx|f
Fopr ={f:0@ = X|f
Fr={f:0—X|f

is dominant strategy incentive compatible }

)
-) is Bayesian incentive compatible }
-) is ex-post individual rational }

)

—~ —~ —~

is interim individual rational }
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F,.x = {f:0© — X|f(-) is ex-ante individual rational }
Fop = {f:0 — X|f(-) is ex-ante efficient}
Fe ={f:0—=X|[f()
P ={f: 0 = X[f()

is interim efficient}

is ex post efficient} .

The set of feasible social choice functions F' may be either any one of the above
sets or intersection of any combination of the above sets. For example, the social
planner may choose F = F,,.(\F,,. In the literature, this particular feasible set is
known as incentive feasible set due to Myerson [1]. Also, note that if the agents
are loyal then the sets F,,. and Fy,. will be equal to the whole set of all the social
choice functions.

2.20.2 Myerson’s Optimal Reverse Auction

We now consider the problem of procuring a single indivisible item from among
a pool of suppliers and present Myerson’s optimal auction that minimizes the ex-
pected cost of procurement subject to Bayesian incentive compatibility and interim
individual rationality of all the selling agents. The classical Myerson auction [24] is
for maximizing the expected revenue of a selling agent who wishes to sell an indi-
visible item to a set of prospective buying agents. We present it here for the reverse
auction case.

Each bidder i’s type lies in an interval ©; = [6;,6;]. We impose the following
additional conditions on the environment.

1. The auctioneer and the bidders are risk neutral.
2. Bidders’ types are statistically independent, that is, the joint density ¢(-) has the
form @1 (-) X ... X @u(-).

. 0i()>0vVi=1,...,n.

4. We generalize the outcome set X by allowing a random assignment of the good.
Thus, we now take y;(60) to be seller i’s probability of selling the good when the
vector of announced types is 8 = (01, ..., 6,). Thus, the new outcome set is given
by

(O8]

X = {()’0»)’1~~»)’n»f0»t1»~~7fn) 0] S [O,l},t() Soayi S [07 l]7ti ZOVZ: 1)"'7”7

n n
Yy<h Ztl-O}.
i=1 i=0

Recall that the utility functions of the agents in this example are given by, Vi =
1,...,n,
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ui(f(0),6;) = ui(yo(0),...,y,(8),10(0),...,1,(0),6;) = —0;y;(8) +1(6).

Thus, viewing y;(6) = v;(k(6)) in conjunction with the second and third conditions
above, we can claim that the underlying environment here is linear.

In the above example, we assume that the auctioneer (buyer) is the social plan-
ner and he is looking for an optimal direct revelation mechanism to buy the good.
Myerson’s [24] idea was that the auctioneer must use a social choice function that is
Bayesian incentive compatible and interim individual rational and at the same time
minimizes the cost to the auctioneer. Thus, in this problem, the set of feasible so-
cial choice functions is given by F' = F,, . F,,,. The objective function in this case
would be to minimize the total expected cost of the buyer, which would be given by

Eg[w(u1(f(6),61),...,un(f(6),64))] = Eo

Note that in the above objective function we have used f(6) and not f(s*(0)). This
is because in the set of feasible social choice functions we are considering only BIC
social choice functions, and for these functions we have s*(6) = 6 V 6 € ©. Thus,
the Myerson’s optimal auction design problem can be formulated as the following
optimization problem:

minimize

fyerte

iti(e))] 2.31)
i=1
where

F={f()= o)1)y es9a(-)s10(-),71(-)s .- - 22 (+)) : f(+) is BIC and interim IR} .

We have seen Myerson’s Characterization Theorem (Theorem 2.12) for BIC SCFs
in linear environment. Similarly, we can say that an SCF f(-) in the above context
would be BIC iff it satisfies the following two conditions:

1. yi(-) is nonincreasing forall i = 1,...,n.

_ 6
2. Ui(6)=Ui(6)+ [yi(s)ds V6, € O Vi=1,...,n.
0;

Also, we can invoke the definition of interim individual rationality to claim that the
an SCF f(-) in the above context would be interim IR iff it satisfies the following
conditions:

U,(GI)ZO VO, e®;Vi=1,...,n

where

o 7(6;) = Eq_[t:i(6;,6_,)] is bidder i’s expected transfer given that he announces
his type to be 6; and that all the bidders J # i truthfully reveal their types.
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o %i(0;) = Eq_[i(6;,6_;)] is the probability that object will be procured from bid-
der i given that he announces his type to be 6; and all bidders j # i truthfully
reveal their types.

o U;(6;) = —6,7:(6;) +1;(6;) ( we can take unconditional expectation because types
are independent).

Based on the above, problem (2.31) can be rewritten as follows:

0;
minimize
iyi(6:) +Ui(6;)) 9:(6;)d 6; (2.32)
(y,(),U,'()) leie 0,i(6:) (6:)) ¢:(6:)
subject to
@ yi()is nonincreasing V i=1,...,n

Gii)  Uy(6;) = Ui(6; )+fy,( )ds V6, €@ Vi=1,....n
(v) U(6) >0V e@,,vz_l

We first note that if constraint (iii) is satisfied then constraint (iv) will be satisfied iff
Ui(6;) >0 Vi=1,...,n. As aresult, we can replace the constraint (iv) with

(iv') Ui(6)>0Vi=1,...,n

Next, substituting for U;(6;) in the objective function from constraint (iii), we get

o
n
Y [ | 66, +/yl )ds | 9i(6:)d6

i=1

i

Integrating by parts the above expression, the auctioneer’s problem can be written
as one of choosing the y;(-) functions and the values U; (6;),...,U,(6,) to minimize

n

91 n n
/- /lZyl )i z-)l [Hl@(e,»)] d6,...d6, + Y Ui(®)

9l 0}1 i=l

subject to constraints (i), (ii), and (iv’), where
b (9i)>
Ji(6; 6; +
@ =9+ @)

It is evident that the solution must have U;(6;) = 0 for all i = 1,...,n. Hence, the
auctioneer’s problem reduces to choosing functions y;(-) to minimize
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or

97" n n
// [Zyi(ei)Ji(Gi)l [H‘Pi(&)] de,...do;
0 L= i=1

[

subject to constraints (i) and (ii).

Let us ignore constraint (i) for the moment. Then inspection of the above expres-
sion indicates that y;(-) is a solution to this relaxed problem iff for all i = 1,...,n,
we have

) o 0 : lfJ,(Gl) > min {Bio,minh;,éijh(eh)}
yl(e) - { 1 if J,’(@i) < min {97(), minh;é,-Jh(Bh)} . (2.33)
Note that J;(6;) = min {070, minhﬁJh(Bh)} is a zero probability event.

In other words, if we ignore the constraint (i) then y;(-) is a solution to this relaxed
problem iff the good is allocated to a bidder who has the lowest nonnegative value
for J;(6;). Now, recall the definition of ¥;(-). It is easy to write down the following
expression:

yi(6;) = Eq_,; [yi(6:,6-1)]. (2.34)

Now, if we assume that J;(-) is nondecreasing in 6; then it is easy to see that the
above solution y;(+), given by (2.33), will be nonincreasing in 6;, which in turn
implies, by looking at expression (2.34), that y;(-) is nonincreasing in 6;. Thus, the
solution to this relaxed problem actually satisfies constraint (i) under the assumption
that J;(-) is nondecreasing. Assuming that J;(-) is nondecreasing, the solution given
by (2.33) seems to be the solution of the optimal mechanism design problem for sin-
gle unit-single item procurement auction. The condition that J;(-) is nondecreasing
in 6; is met by most of the distribution functions such as Uniform and Exponential.

So far we have computed the allocation rule for the optimal mechanism and now
we turn our attention toward the payment rule. The optimal payment rule 7;(-) must
be chosen in such a way that it satisfies

E(Gl) = EG,,- [ti(e,-, 6_,')} =U; (9,) + 9,)71(9,) = /ﬁ(s)ds—&— 61)71(91) . (2.35)
6

Looking at the above formula, we can say that if the payment rule #;(-) satisfies the
following formula (2.36), then it would also satisfy the formula (2.35).

0;
ti(6i7 G,i) = /yi(S, O,i)der 0y; (9,', 6,,') VCRSEOR (2.36)
0;

The above formula can be rewritten more intuitively as follows. For any vector 6_;,
let us define
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zi(6-;) = sup {Oi : Ji(6;) < 69 and J;(6;) < Ji(6)V j# i} .
Then z;(6_;) is the supremum of all winning bids for bidder i against 6_;, so

a1 if 6 < zi(6-)
y,(@,,el)—{o : if9,'>Zi(97i)-

This gives us

0;

_ e Jz(0-)—6 : if 6 <z(6-)
./yl (5,6-i)ds = { 0 sif 6, > z;(6-).
0;

Finally, the formula (2.36) becomes

oo o Ja(0-) o if 6 <zi(6-)
tt(elae—l) - {0 . lf 91‘ > Zi(eii)'

That is, bidder i will receive payment only when the good is procured from him, and
then he receives an amount equal to his highest possible winning bid.
We make a few interesting observations:

1. When the various bidders have differing distribution function &;(-) then, the bid-
der who has the smallest value of J;(6;) is not necessarily the bidder who has
bid the lowest amount for the good. Thus Myerson’s optimal auction need not be
allocatively efficient, and therefore, need not be ex-post efficient.

2. If the bidders are symmetric, that is,

e O=...=0,=0
[ ] @1()::47”():@()’

then the allocation rule would be precisely the same as that of first-price reverse
auction and second-price reverse auction. In such a case the object would be al-
located to the lowest bidder. In such a situation, the optimal auction would also
become allocatively efficient, and the payment rule described above would coin-
cide with the payment rules in second-price reverse auction. In other words, the
second price reverse auction would be an optimal auction when the bidders are
symmetric. Therefore, many times, the optimal auction is also known as modified
Vickrey auction.

Riley and Samuelson [30] also have studied the problem of design of an optimal
auction for selling a single unit of a single item. They assume the bidders to be
symmetric. Their work is less general than that of Myerson [24].
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2.21 Further Topics in Mechanism Design

Mechanism design is a rich area with a vast body of knowledge. So far in this chap-
ter, we have seen essential aspects of game theory, followed by key results in mech-
anism design. We now provide a brief description of a few topics in mechanism
design. The topics have been chosen, with an eye on their possible application to
network economics problems of the kind discussed in the monograph. We have not
followed any particular logical order while discussing the topics. We also caution
the reader that the treatment is only expository. Pointers to the relevant literature are
provided wherever appropriate.

2.21.1 Characterization of DSIC Mechanisms

We have seen that a direct revelation mechanism is specified as Z = ((6;);en, f(.)).
where f is the underlying social choice function and ) is the type set of agent i. A
valuation function of each agent i, v;(.), associates a value of the allocation chosen
by f to agent i, that is, v; : K — R, where K is the set of project choices.

In the case of an auction for selling a single indivisible item, suppose each agent

i has a valuation for the object 6; € [6;, 6;]. If agent i gets the object, v;(.,6;) = 6;.
Otherwise the valuation is zero. Thus for the agent 7, the set of valuation functions
over the set of allocations K can be written as ©; = [6;, 6;]. Thus 6, is single dimen-
sional in this environment.

In a general setting, ®; may not be single dimensional. If we consider all real
valued functions on X and allow each agent to have a valuation function to be any
of these functions, we say ©; is unconstrained. Suppose |K| = m, then 6; € ©; is an
m-dimensional vector:

91':(eilv'--79i17-"79im)'

Note that 6;; will be the valuation of agent i if the j" allocation from K is se-
lected. In other words, v;(j) = 6;;. With such unconstrained type sets/valuation
functions, an elegant characterization of DSIC social choice functions has been
obtained by Roberts [31]. The work of Roberts generalizes the the Green—Laffont
Theorem (Theorem 2.8) in the following way. Recall that the Green—Laffont The-
orem asserts that an allocatively efficient and DSIC social choice function in the
above unconstrained setting has to be necessarily a VCG mechanism. The result
of Roberts asserts that all DSIC mechanisms are variations of the VCG mechanism.
These variants are often referred to as the weighted VCG mechanisms. In a weighted
VCG mechanism, weights are given to the agents and to the outcomes. The result-
ing social choice function is said to be an affine maximizer. The notion of an affine
maximizer is defined below. Next we state the Roberts’ Theorem.

Definition 2.47. A social choice function f is called an affine maximizer if for some
subrange A’ C X, for some agent weights wy,wy,...,w, € R*, and for some out-
come weights ¢, € R, and for every x € A’, we have that
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f(61,6,...,6,) € argrrg&(cﬁxwm(x))
x i

Theorem 2.17 (Roberts’ Theorem). If |X| > 3 and for each agent i € N, ©; is
unconstrained, then any DSIC social choice function f has nonnegative weights
Wi, W2, ..., Wy, (not all of them zero) and constants {c}xex, such that for all 0 € O,

f(o) e argl)iclg?{iwivi(x) +cx} .

i=1

For a proof of this important theorem, we refer the reader to the article by Roberts
[31]. Lavi, Mu’alem, and Nisan have provided two more proofs for the theorem —
interested readers might refer to their paper [32] as well.

2.21.2 Dominant Strategy Implementation of BIC Rules

Clearly, dominant strategy incentive compatibility is stronger and much more desir-
able than Bayesian incentive compatibility. A striking reason for this is any Bayesian
implementation assumes that the private information structure is common knowl-
edge. It also assumes that the social planner knows a common prior distribution.
In many cases, this requirement might be quite demanding. Also, a slight mis-
specification of the common prior may lead the equilibrium to shift quite dramati-
cally. This may result in unpredictable effects; for example it might cause an auction
to to be highly nonoptimal.

A dominant strategy implementation overcomes these problems in a simple way
since the equilibrium strategy does not depend upon the common prior distribution.
We would therefore always wish to have a DSIC implementation. Since the class of
BIC social choice functions is much richer than DSIC social choice functions, one
would like to ask the question: Can we implement a BIC SCF as a DSIC rule with
the same expected interim utilities to all the players? Mookherjee and Stefan [33]
have answered this question by characterizing BIC rules that can be equivalently
implemented in dominant strategies. When these sufficient conditions are satisfied,
a BIC social choice function could be implemented without having to worry about
a common prior. The article by Mookherjee and Stefan [33] may be consulted for
further details.

2.21.3 Implementation in Ex-Post Nash Equilibrium

Dominant strategy implementation and Bayesian implementation are widely used
for implementing a social choice function. There exists another notion of imple-
mentation, called ex-post Nash implementation, which is stronger than Bayesian
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implementation but weaker than dominant strategy implementation. This was for-
malized by Maskin [34]. Dasgupta, Hammond, and Maskin [35] generalized this to
the Bayesian Nash implementation.

Definition 2.48. A profile of strategies (sT(.),sj(.), e ,s;;()) is an ex-post Nash

equilibrium if for every 6 = (6y,...6,) € O, the profile (s”f(@l),...,sZ(Bn)) is a

Nash equilibrium of the complete information game defined by (6y,...,6,). That s,
foralli € N and for all 0 € ®, we have
u,~(s,~*(6,~),si,~(0,l~), 6;) > u,~(s§(6,~),si,~(9,,~), 6;) VSE € S;.

In a Bayesian Nash equilibrium, the equilibrium strategy is played by the agents
after observing their own private types and computing an expectation over others’
types; it is an equilibrium only in the expected sense. On the other hand, in ex-
post Nash equilibrium, even after the players are informed of the types of the other
players, it is still a Nash equilibrium for each agent i to play an action according to
s7(-). This is called the lack of regret feature. That is, even if agents come to know
about the others’ types, the agent need not regret playing this action. Bayesian Nash
equilibrium may not have this feature since the agents may want to revise their
strategies after knowing the types of the other agents.

For example, consider the first price sealed bid auction with two bidders. Let
®; = 0, =[0,1] and 6; denote the valuation of the first agent and 6, that of the
agent 2. It can be shown that it is a Bayesian Nash equilibrium for each bidder to
bid according to the strategy (bj(61),b5(62)) = (%, % ). Now suppose agent 1 is
informed that the other agent values the object at 0.6. If agent 1 has a valuation
of 0.8, say, it is not a Nash equilibrium for him to bid 0.4 even if agent 2 is still
following a Bayesian Nash strategy.

Definition 2.49. We say that the mechanism .# = ((S;)icn,g(-)) implements the
social choice function f(-) in ex-post Nash equilibrium if there is a pure strategy
ex-post Nash equilibrium s*(-) = (s5(-),...,s%(+)) of the game I'” induced by .#
such that

g(sT(01),...,55(6,)) = £(O1,....0,) V(61,....0,) € O.

Though ex-post implementation is stronger than Bayesian Nash implementation, it
is still much weaker than dominant strategy implementation.

2.21.4 Interdependent Values

We have so far assumed that the private values or signals observed by the agents
are independent of one another. This is a reasonable assumption in many situations.
However, in the real world, there are environments where the valuation of agents
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might depend upon the information available or observed by the other agents. We
will look at two examples.

Example 2.62. Consider an auction for an antique painting. There is no guarantee
that the painting is an original one or a plagiarized version. If all the agents knew
that the painting is not an original one, they would have a very low value for it
independent of one another, whereas on the other hand, they would have a high
value for it when it is a genuine piece of work. But suppose they have no knowledge
about its authenticity. In such a case, if a certain bidder happens to get information
about its genuineness, the valuations of all the other agents will naturally depend
upon this signal (indicating the authenticity of the painting) observed by this agent.

Example 2.63. Consider an auction for oil drilling rights. At the time of the auction,
buyers usually conduct geological tests and their private valuations depend upon
the results of these tests. If a prospective bidder knew the results of the tests of
the others, his own willingness to pay for the drilling rights would be modulated
suitably based on the information available.

The interdependent private value models have been studied in the mechanism de-
sign literature. For example, there exists a popular model called the common value
model (which we have already seen in Section 2.19.2). As another example, con-
sider a situation when a seller is trying to sell an indivisible good or a fixed quantity
of a divisible good. The value of the received good for the bidders depends upon
each others’ private signals. Also, the private signals observed by the agents are in-
terdependent of specified properties. In such a scenario, Cremer and McLean [36]
have designed an auction that extracts a revenue from the bidders, which is equal to
what could have been extracted when the actual signals of the bidders are known.
In this auction, it is an ex-post Nash equilibrium for the agents to report their true
types. This auction is interim individually rational but may not be ex-post individu-
ally rational.

2.21.5 Implementation Theory

Dominant strategy incentive compatibility ensures that reporting true types is a
weakly dominant strategy equilibrium. Bayesian incentive compatibility ensures
that reporting true types is a Bayesian Nash equilibrium. Typically, the Bayesian
game underlying a given mechanism may have multiple equilibria, in fact, could
have infinitely many equilibria. These equilibria typically will produce different
outcomes. Thus it is possible that nonoptimal outcomes are produced by truth reve-
lation.

The implementation problem addresses the above difficulty caused by multiple
equilibria. The implementation problem seeks to design mechanisms in which all
the equilibrium outcomes are optimal. This property is called the weak implementa-
tion property. If it also happens that every optimum outcome is also an equilibrium,



140 2 Foundations of Mechanism Design

we call the property as full implementation property. Maskin [34] provided a gen-
eral characterization of Nash implementable social choice functions using a mono-
tonicity property, which is now called Maskin Monotonicity. This property has a
striking similarity to the property of independence of irrelevant alternatives, which
we encountered during our discussion on Arrow’s impossibility theorem (Section
2.12). Maskin’s work shows that Maskin monotonicity, in conjunction with another
property called no-veto-power will guarantee that all Nash equilibria will produce
an optimal outcome. His work has led to development of implementation theory.
Dasgupta, Hammond, and Maskin [35] have summarized many important results in
implementation theory, and they discuss incentive compatibility in detail. Maskin’s
results have now been generalized in many directions; for example, see the refer-
ences in [37].

2.21.6 Computational Issues in Mechanism Design

We have seen several possibility and impossibility results in the context of mech-
anism design. While every possibility result is good news, there could be still be
challenges involved in actually implementing a mechanism that is possible. For ex-
ample, we have seen that the GVA mechanism (Example 2.55) is an allocatively
efficient and dominant strategy incentive compatible mechanism for combinatorial
auctions. A major difficulty with GVA is the computational complexity involved
in determining the allocation and the payments. Both the allocation and payment
determination problems are NP-hard, being instances of the weighted set packing
problem (in the case of forward GVA) or the weighted set covering problem (in the
case of reverse GVA). In fact, if there are n agents, then in the worst case, the pay-
ment determination will involve solving as many as n NP-hard problems, so over-
all, as many as (n+ 1) NP-hard problems will need to be solved for implementing
the GVA mechanism. Moreover, approximately solving any one of these problems
may compromise properties such as efficiency and/or incentive compatibility of the
mechanism.

In mechanism design, computations are involved at two levels: first, at the agent
level and secondly at the mechanism level [38, 39]. Complexity at the agent level in-
volves strategic complexity (complexity of computing an optimal strategy) and val-
uation complexity (computation required to provide preference information within
a mechanism). Complexity at the mechanism level includes communication com-
plexity (how much communication is required between agents and the mechanism
to compute an outcome) and winner determination complexity (computation re-
quired to determine an outcome given the strategies of the agents). Typically, in-
sufficient computation leading to approximate solutions hinders mechanism design
since properties such as incentive compatibility, allocative efficiency, individual ra-
tionality, etc., may be compromised. Novel algorithms and high computing power
surely lead to better mechanisms.
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For a detailed description of computational complexity issues in mechanism de-
sign, the reader is referred to the excellent survey articles [40, 41, 38, 39].

2.22 To Probe Further

For a microeconomics oriented treatment of mechanism design, the readers are re-
quested to refer to textbooks, such as the ones by Mas-Colell, Whinston, and Green
[6] (Chapter 23); Green and Laffont [18]; and Laffont [42]. There is an excellent re-
cent survey article by Nisan [43], which targets a computer science audience. There
are many other informative survey papers on mechanism design — for example by
Myerson [44], Serrano [45], and Jackson [46, 47]. The Nobel Prize website has a
scholarly technical summary of mechanism design theory [37]. The recent edited
volume on Algorithmic Game Theory by Nisan, Roughgarden, Tardos, and Vazirani
[48] also has valuable articles related to mechanism design.

This chapter is not to be treated as a survey on auctions in general. There are
widely popular books (for example, by Milgrom [27], Krishna [28], and Klemperer
[53]) and surveys on auctions (for example, [25, 49, 50, 51, 38]) that deal with
auctions in a comprehensive way.

A related area where an extensive amount of work has been carried out in the past
decade is combinatorial auctions. Exclusive surveys on combinatorial auctions in-
clude the articles by de Vries and Vohra [40, 41], Pekec and Rothkopf [52], and
Narahari and Pankaj Dayama [54]. Cramton, Ausubel, and Steinberg [21] have
brought out a comprehensive edited volume containing expository and survey ar-
ticles on varied aspects of combinatorial auctions.
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